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a b s t r a c t 

Yield stress materials are ubiquitous, yet the best way to obtain the value of the yield stress for any 

given material has been the subject of considerable debate. Here we compare different methods of mea- 

suring the yield stress with conventional rheometers that have been used in the literature on a variety 

of materials. The main conclusion is that, at least for well-behaved (non-thixotropic) materials, the dif- 

ferences between the various methods are significant; on the other hand, the scaling of the measured 

yield stress with the volume fraction of dispersed phase shows the same dependence independently of 

the way in which the yield stress is obtained experimentally. The measured yield strain is similarly found 

to depend on the method employed. The yield stress values obtained for a simple (non-thixotropic) yield 

stress fluid are only similar for Herschel–Bulkley fits and stress-strain curves obtained from oscillatory 

measurements. Stress-strain curves with a continuous imposed stress or strain rate differ significantly, as 

do oscillatory measurements of the crossover between G 

′ and G 

′′ or the point where G 

′ starts to differ 

significantly from its linear response value. The intersection of the G 

′ and G 

′′ curves as a function of 

strain consistently give the highest value of the yield stress and yield strain. In addition, many of these 

criteria necessitate some arbitrary definition of a crossover point. Similar conclusions apply for a class 

of thixotropic yield stress materials, with the stress-strain curve from the oscillatory data giving the dy- 

namic yield stress and the Herschel–Bulkley fit either the static or dynamic yield stress, depending on 

how the measurement is carried out. 

© 2016 Elsevier B.V. All rights reserved. 

1

 

i  

s  

n  

c  

a  

i  

t  

c  

d  

m  

o  

t  

t

2

D

 

a  

y  

y  

t  

fl  

m  

h  

m  

t  

t  

d  

s  

s

 

y  

h

0

. Introduction 

Many materials found in daily life exhibit properties character-

stic of either solids or liquids, depending on the imposed stress. At

mall stresses these materials deform essentially in an elastic man-

er, but flow once a critical stress is exceeded; this critical value is

alled the yield stress ( σ y ), and materials exhibiting a yield stress

re called yield stress materials . Examples of yield stress materials

nclude concentrated emulsions like cosmetic creams or margarine,

oothpaste, foams, polymer gels like Carbopol, slurries, and some

omposites [13,15,58] . Determining the yield stress is critical in in-

ustrial processes; the yield stress is required to know the mini-

um pressure needed to start a slurry in a pipeline, for example,

r to know the stiffness of dairy products [39] . In concrete utiliza-

ion the yield stress determines whether air bubbles will remain

rapped [34] . 
� Presented at Viscoplastic Fluids: From Theory to Application VI, Banff, October 

5–30, 2015. 
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The notion of a yield stress fluid was introduced by Bingham

nd coworkers, whose intellectual frame of reference was plastic

ielding in metals; see, for example, the discussion in [5,12] . The

ield stress for a material that flows with viscous dissipation has

hus been defined in an operational manner as the stress at which

ow begins, which, as we shall see, can contain ambiguities. Many

ethods have been proposed for determining the yield stress; it

as been demonstrated that variations of more than one order of

agnitude can arise, however, depending on the method used and

he handling of the sample [28,37,59] . This has led, amongst other

hings, to the suggestion that there may be two yield stresses,

ynamic and static; the former would be given by the minimum

tress needed to start a flow and the latter would be the smallest

tress applied before a sample stops flowing. 

Several works, including [14,25,33,35,42] , have proposed that

ield stress materials can be classified into two categories: ‘sim-

le’ and thixotropic. For ‘simple’ yield stress materials the viscos-

ty depends only on the shear rate, and the yield stress is well

efined; the yield stress can therefore be considered a material

roperty. For thixotropic yield stress materials the viscosity de-

ends not only on the shear rate but also on the (deformation)

istory of the sample, implying that for this type of material the

http://dx.doi.org/10.1016/j.jnnfm.2016.11.001
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jnnfm
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnnfm.2016.11.001&domain=pdf
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rheological behavior is given by a competition between aging –

spontaneous build-up of some microstructure – and shear rejuve-

nation – breakdown of the microstructure by flow. (Ovarlez et al.

[43] have recently suggested that a third class of yield-stress ma-

terial exists in which the yield stress can be tuned by an appro-

priate flow history.) Very recently, Balmforth et al. [3] and Cous-

sot [16] showed that for a ‘simple’ yield stress material the static

and the dynamic yield stresses are indeed the same, while for

thixotropic yield stress materials these stresses are different. Our

focus in this article is to examine and evaluate various means that

have been proposed and used in the literature to determine the

yield stress of simple yield stress materials; for completeness, we

will also consider what happens if different ways of measuring the

yield stress are applied to thixotropic samples. We focus on meth-

ods that can be easily implemented on conventional rheometers

with no a priori estimate of the yield stress. 

A classical way of determining σ y is by means of steady shear

measurements, consisting of performing shear rate or shear stress

sweeps that lead to steady state flow curves, i.e. shear stress ( σ )

as a function of the shear rate ( ̇ γ ). The yield stress can then be

determined either by direct extrapolation of σ as ˙ γ goes to zero

or by fitting the flow curve to a rheological model, such us that

proposed by Herschel and Bulkley [26] : σ = σy + K ̇ γ n , where σ y 

is the yield stress and K and n are adjustable model parameters.

Depending on how the sweeps are performed, i.e. decreasing or

increasing shear rate or shear stress sweeps, this technique can be

used for determining the dynamic and the static yield stress. One

caveat is that, as has been discussed at length in the literature,

the accuracy of the extrapolation and the results for different mod-

els for determining σ y depend on the lowest-measured ˙ γ used for

the extrapolation [8] . Now, however, commercial rheometers have

become sufficiently sensitive that this is no longer a real problem

in most practical cases, although extremely long times may be re-

quired at the lowest shear rates to ensure that a true steady state

has been obtained. 

Another method that allows for the determination of both σ y 

and the yield strain γ y is the stress growth experiment, in which

a shear rate is imposed and the resulting σ is recorded as a func-

tion of time or γ . Typical curves frequently show an initial linear

regime corresponding to linear elastic deformation, followed by a

deviation from linearity and in some cases by a stress overshoot,

after which a steady σ value is reached, as shown, for example,

by Barnes and Nguyen [7] . However, different σ y (and γ y ) can be

inferred from the same experiment, depending on how the yield

point is defined; i.e. σ y (or γ y ) has variously been defined by the

departure from linearity, by the maximum stress (and the corre-

sponding γ ), or by the point at which the stress reaches a constant

value; see Møller et al. [34] for a discussion. 

Some workers have proposed that the yield stress can be also

measured from oscillatory experiments by carrying out a strain

sweep at a fixed frequency of oscillation. These measurements con-

sist of imposing a sinusoidal strain of amplitude γ 0 and frequency

ω, given by γ (t) = γ 0 sin ( ωt). If γ 0 is small enough to satisfy the

linearity constraint, i.e. the stress at any time is directly propor-

tional to the value of the strain, then the stress can be represented

by Barnes et al. [6] and Larson [30] : 

σ (t) = γ0 [ G 

′ (ω) sin ( ωt ) + G 

′′ (ω) cos ( ωt ) ] (1)

where the storage modulus G 

′ quantifies elastic (recoverable) de-

formation and the loss modulus G 

′′ quantifies viscous dissipation.

At higher amplitudes, commonly called Large Amplitude Oscilla-

tory Strain, or LAOS, the response becomes nonlinear, higher har-

monics occur, and G 

′ , which is the coefficient of the fundamental,

does not contain all of the relevant elasticity information. 

Oscillatory measurements allow the acquisition of curves of G 

′ 
and G 

′′ as functions of either γ or σ . Different authors have pro-
osed a variety of ways of determining σ y and γ y from oscillatory

easurements: (i) by the point at which G 

′ = G 

′′ [e.g., 29,46,49 ],

ometimes called the characteristic modulus ; (ii) by fitting the be-

avior well above the yield point with a power-law function and

efining the yield point by the intersection of this line with the

orizontal line through the linear G 

′ data [20,52] ; or (iii) by plot-

ing σ vs γ on logarithmic coordinates, from which σ y and γ y 

re given by the intersection of a line with unit slope at low

trains (corresponding to a linear elastic response, i.e., stress is

roportional to strain) with a power-law equation at high strains

18,19,31,53] . (Considering that at small deformations a yield stress

aterial behaves like an elastic solid and σ = G 

′ γ , the line with

nit slope on logarithmic coordinates is expected to correspond to

 

′ .) Each of these methods may be sensitive to the imposed fre-

uency. 

Mewis and Spaull [32] proposed that yielding seems to occur

t a constant shear strain , and that it would be preferable to work

ith a yield strain ( γ y ) instead of working with yield stress. If the

aterial responds as an elastic solid prior to yielding then there is

 unique yield strain that corresponds to the yield stress, and the

wo quantities are equivalent. If the unyielded material is a vis-

oelastic solid, however, then the stress-strain curve prior to yield-

ng is rate dependent and the apparent yield stress would depend

n rate for a system that has a fixed yield strain; see, for example,

he treatment of Nguyen and Boger’s [38] classic yield stress mea-

urements on “red mud” by Denn and Bonn [21] . γ y may be very

mall, possibly 10 −3 or lower (see [32] and references therein), and

o it may not always be possible to get an accurate measurement. 

Finally. Measurement of the creep compliance has been pro-

osed [e.g., 18 ] as a definitive way to measure the yield stress: the

train should approach a constant value for imposed stresses be-

ow the yield stress, while flow should be initiated and the com-

liance should become an increasing function of time for stresses

bove the yield stress. Creep is a fundamentally different type of

xperiment from the others described here, because it requires a

riori knowledge of the stress range in which yielding is expected

o occur. 

In this paper, we use simple and thixotropic yield stress ma-

erials to compare the yield stresses and yield strains obtained

rom steady shear, oscillatory shear, stress growth, and creep ex-

eriments. The simple yield stress materials are emulsions, Car-

opol gels, a commercial hair gel, and a shaving foam, while the

hixotropic materials are emulsions loaded with clay [45,48] . We

uantify the difference between different methods and compare

hem. Some of them necessitate the definition of a crossover point

hat is not without ambiguity; the scaling of σ y with the amount

f dispersed phase is generally independent of the method used,

owever. 

. Materials and methods 

.1. Carbopol samples and hair gel 

Carbopol is a cross-linked polyacrylic acid that swells in water

nder neutral pH so that the particles jam together, generating a

ield stress fluid [46] . 

[47] We prepared Carbopol samples by mixing 2 wt% of Car-

opol Ultrez U10 grade and ultra-pure water for one hour. The pH

f the mixture was adjusted to 7 by adding approximately 20 mL of

8wt% NaOH, and the sample was stirred mechanically at 100 rpm

or one hour, then left to rest for one day. The 2 wt% Carbopol

ample was diluted with ultra-pure water to obtain samples with

.5, 1.0, 0.75, 0.5 and 0.1 wt% Carbopol, and the pH was checked in

ach case. 
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Fig. 1. Flow curves obtained by means of steady shear measurements. (a) Carbopol 

at different mass concentrations. Inset: Hair gel. (b) Emulsions with different in- 

ternal volume fractions. Inset: foam. Lines are the fits of the flow curves to the 

Herschel–Bulkley model. 
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The hair gel was a commercial product (Albert Heijn). This is

asically a Carbopol gel in which the pH is adjusted by using tri-

thanolamine rather than NaOH. 

.2. Emulsions and foam 

Castor oil-in-water emulsions were stabilized using sodium do-

ecyl sulfate (SDS). Castor oil was dispersed in a 1 wt% SDS so-

ution using a homogenizer (Ultraturrax). We prepared a batch of

mulsion with internal volume fraction φ = 0.8; from this batch,

amples with φ = 0.78, 0.74, 0.70, 0.67 and 0.66 were prepared by

ilution with the 1 wt% SDS solution. The mean diameter of the

il droplets is 3.2 μm with 20% polydispersity. It is well know that

he system jams if the internal volume fraction of an emulsion is

bove a critical internal volume fraction φc ≈ 0.645, thus exhibit-

ng a yield stress, as shown by Paredes et al. [44] using the same

ystem. 

The foam was a commercial shaving foam, Gillette Foamy Regu-

ar. The liquid volume fraction of the shaving foam was 9.2 ± 0.5%,

ith a mean bubble radius of about 18 μm, in fair agreement with

reviously reported data on the same brand [56] . 

.3. Thixotropic emulsions 

Thixotropic emulsions were prepared by mixing pure castor oil-

n-water emulsions ( φ = 0.78, 0.74, 0.70, 0.67 and 0.66) with clay

Bentonite, from Steetley) such that the final concentration of clay

n all samples was 2 wt%. Clay induces the formation of links be-

ween the neighboring droplets in the emulsion, as has been di-

ectly visualized by Fall et al. [25] , and leads to thixotropy [48] . 

.4. Rheological measurements 

Our measurements were carried out using a controlled-shear-

tress rheometer (CSS, Physica MCR302) and a controlled-shear-

ate rheometer (CSR, ARES), both with a 50 mm-diameter cone-

nd-plate geometry with a 1 ° cone and roughened surfaces to

void wall slip [11,33] . Before performing any experiments, samples

ere pre-sheared at a shear rate of 100 s −1 for 30 s, followed by a

est period of 30 s in order to create a controlled initial state in the

amples [4,17] . The static normal stresses in all samples were zero

fter the rest period. 

The steady shear experiments were performed with the CSR

heometer by carrying out shear rate sweeps from 100 s −1 to

 × 10 −3 s −1 (to 10 −4 for the oil-in-water emulsions), obtaining

ow curves that were fit to the Herschel–Bulkley model. (High-

o-low rate sweeps are preferable for systems that exhibit no

hixotropy, because short-term transients caused by the transi-

ion from viscoelastic solid to mobile liquid at fluidization are

voided.) The oscillatory measurements were performed with

he CSS rheometer by carrying out shear stress sweeps from

 × 10 −2 Pa to 5 × 10 2 Pa at a constant frequency of 1 Hz, generat-

ng curves of G 

′ and G 

′′ as functions of σ or γ . The linear vis-

oelastic storage modulus G 

′ is insensitive to frequency in this

ange for all materials studied; the linear loss modulus G 

′′ is al-

ays much smaller than G 

′ and is insensitive to frequency for all

ystems but the emulsion, where there is a transition from a fre-

uency dependence of about ω 

1/4 to ω 

1/2 in the neighborhood of

 Hz. (See Supplementary Material.) 

The stress growth experiments were performed with the CSR

heometer by imposing a constant shear rate ˙ γ = 10 −2 s −1 and

ecording σ for 300 s, equivalent to a total deformation γ = 3.

inally, the creep experiments were carried out with the CSS

heometer with increasing imposed stresses starting near to but

elow the expected yield stress, as determined by the other mea-

urements. The creep experiments were carried out at a later date,
sing new samples prepared according to the same protocols; the

amples were presheared as described above before each creep

easurement. 

Given that the appearance of hysteresis in an inelastic or

eakly elastic liquid is a hallmark of thixotropy, we performed up-

nd-down shear rate sweeps on the clay emulsions. First the shear

ate sweep was performed from a low to a high shear rate value,

ollowed by a shear rate sweep from a high to a low shear rate

alue. Previous experiments regarding loaded emulsions, as done

y Ragouilliaux et al. [48] , Fall et al. [25] and Paredes et al. [45] ,

ere performed using highly concentrated systems ( φ > 0.70); our

oaded emulsions here cover a larger concentration range. The non-

hixotropic character of the simple yield stress materials we use

as been reported in [ 25 , 44 ], and we do not report up-and-down

hear rate sweeps on these materials here. 

. Results and discussion 

.1. Simple yield stress fluids 

.1.1. Rheological measurements 

teady shear measurements. Flow curves obtained for all our sim-

le yield stress materials are shown in Fig. 1 . The flow curves are

learly approaching plateaus at low shear rates within the range

t which data were obtained, and all can be fit to the Herschel–

ulkley model. (The model fits are based on the range of accessi-

le shear rates, and it is possible that the power-law index might

hange if higher rates could be explored, but our interest is in the

t to the yield stress, which should be insensitive to rates above

00 s −1 .) 

scillatory measurements. Curves of G 

′ and G 

′′ as functions of σ
nd γ at a frequency of 1 Hz are shown in Figs. 2 and 3 , re-

pectively. At low amplitudes, G 

′ and G 

′′ are independent of stress

agnitude and represent the entire elastic or dissipative contribu-

ions, respectively. Higher harmonics appear in the LAOS measure-

ents at larger amplitudes, and the coefficients of the harmon-

cs become strain dependent. The coefficients of the fundamental
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Fig. 2. Storage (G ′ ) and loss (G ′′ ) moduli as functions of σ for (a) Carbopol sam- 

ples, (b) hair gel, (c) emulsions, and (d) foam. Open symbols correspond to G ′ , filled 

symbols to G ′′ . Black lines are power-law fits of the behavior well above yield point, 

whose intersection with the horizontal line through the linear G ′ data is shown by 

the black circles. Gray squares show σ at the characteristic modulus, G ′ =G ′′ . 

Fig. 3. Storage (G ′ ) and loss (G ′′ ) moduli as functions of γ for (a) Carbopol sam- 

ples, (b) hair gel, (c) emulsions, and (d) foam. Open symbols correspond to G ′ , and 

filled symbols correspond to G ′′ . Black lines are power-law fits of the behavior well 

above the yield point, whose intersection with the horizontal line through the lin- 

ear G ′ data is shown by the black circles. Gray squares show γ at the characteristic 

modulus, G ′ =G ′′ . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. σ vs γ obtained from the oscillatory measurements (same data shown in 

Figs. 2 and 3 ) for (a) Carbopol samples, (b) hair gel, (c) emulsions, and (d) foam. 

Lines are power-law fits of the behavior well above and well below the yielding 

point, whose intersection is shown by the black circles. 
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(the frequency of the stress or strain input) are still conventionally

called G 

′ and G 

′′ , and we follow that convention here, but these

functions no longer represent the complete elastic or dissipative

portions of the stress in the nonlinear regime. Treatments of the

nonlinear data are discussed in, for example, [2,9,24,27,51] . 

Now, the question is how to extract the yield stress from these

data? As noted by Rouyer et al. [52] , “There is no unique and rig-

orously motivated criterion allowing a yield stress to be determined

from oscillatory data. ” For example, Renou et al. [49] , Perge et al.

[46] and Kugge et al. [29] define the yield stress as the stress for

which G 

′ = G 

′′ (the characteristic modulus ), where the viscous and

the elastic contributions to the fundamental are equal; at higher

stresses the viscous contribution will dominate the elastic, indicat-

ing that the material is indeed flowing. The location of the charac-

teristic modulus is indicated by gray squares in Figs. 2 and 3 . The
ield stress and the yield strain can also be defined from this ap-

roach by the intersection of the horizontal line representing the

ehavior of G 

′ well below the yielding point with the power-law

quation representing the behavior of G 

′ well above the yielding

oint; this method was used by Rouyer et al. [52] for determin-

ng the yield stress of foams. These intersections are shown as

ark circles in Figs. 2 and 3 . We also re-plot the oscillatory data

hown in Figs. 2 and 3 as σ vs. γ ( Fig. 4 ). The data are linear at

mall strains with a unit slope on log-log coordinates; the magni-

ude of the line corresponds to G 

′ in the linear regime. (G 

′ � G 

′′ in

his regime, so the total stress is comprised mostly of the elastic

omponent.) Following Mason et al. [31] , Saint-Jalmes and Durian

53] and Christopoulou et al. [18] for similar systems, σ y and γ y 

an then be obtained from the intersection of the line at low

trains and a power law drawn through the data at high strains. 

These methods employing oscillatory data are empirical and are

ll based on departures from the linear viscoelastic regime. Only

he use of the characteristic modulus is unambiguous; the other

ethods require extrapolations that will depend on the quality of

ata and the range selected for fitting a power law. The transitions

n the plots of σ vs. γ in Fig. 4 appear sharper to the eye than

hose of G 

′ versus σ or γ in Figs. 2 and 3 , respectively. One inter-

sting feature of these data for most systems is that the intersec-

ion of G 

′ and G 

′′ as functions of σ occurs at or near the maximum

n G 

′′ ; i.e., the maximum value of G 

′′ is very close to the charac-

eristic modulus. 

tress growth experiments. The evolution of σ as a function of γ at

n imposed steady strain rate ˙ γ = 10 −2 s −1 is shown in Fig. 5 . The

tress initially grows with increasing strain in what is an elastic

r viscoelastic solid response, followed by a transition to a steady

tress that characterizes a fluid response; in some cases there is a

tress overshoot. Here, too, there are a number of ways in which

he yield stress and yield strain can be defined [ 7 ]: (i) the highest

(or corresponding γ ) at which the response is still elastic, (ii)

he maximum σ (or corresponding γ ), or (iii) the stress at which

 steady state is achieved. 

Defining the yield point as the highest stress at which the re-

ponse is still elastic is ambiguous. One approach is to choose the

oint at which the stress-strain response deviates from linearity,

ut this depends on the time resolution and the imposed rate. Fur-

hermore, the deviation from linearity might simply be a transition
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Fig. 5. σ as a function of γ at an imposed ˙ γ = 1 × 10 −2 s −1 for (a) Carbopol sam- 

ples with wt%-Carbopol: 1.5, 0.75, 0.50, and 0.10 (top to bottom), (b) hair gel, (c) 

emulsions with φ = 0.78, 0.74, 0.70, 0.67, and 0.66 (top to bottom), and (d) foam. 

Black lines are the behavior of σ at small deformations and at the steady state, 

whose intersection is shown by the circles. 
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Fig. 6. J vs t obtained from creep measurements for (a) carbopol sample of 0.75 

wt%, (b) hair gel, (c) emulsion of 78% vol of oil, and (d) foam. The horizontal arrows 

indicate the yield stress from the Herschel–Bulkley fit to the steady shear data. 

Fig. 7. Yield stress values from different methods for (a) Carbopol, (b) emulsions, 

and (c) hair gel and foam. Black symbols are the values obtained from steady 

shear experiments, in which flow curves were fit to the Herschel–Bulkley model. 

Blue symbols are values obtained from the oscillatory measurements. Red sym- 

bols are values obtained from the stress growth experiments. Lines are σ y ∼ (wt% 

Carbopol) 1.18 and σ y ∼ ( �φ) 2 , with φc = 0.645, for the Carbopol and emulsion, re- 

spectively. 
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o a non-linear elastic response, or it might reflect viscoelasticity;

ee, for example, [21] . We choose to define the deviation from an

lastic response empirically as the intersection between the line

ith unit slope on logarithmic coordinates that is tangent to the

ata at low deformations and the horizontal steady-state stress.

he former should have a magnitude corresponding to G 

′ , although

t is clear from the plots that the line does not pass through the

ata at the lowest strains. 

The use of the maximum in the stress-strain curve to determine

oth σ y and γ y , to the contrary, provides a precise value, but this

alue is highly dependent on the imposed strain rate and waiting

ime, as reported by Stokes and Telford [54] , Rogers et al. [50] , Di-

oux et al. [22] and Amman et al. [1] . Additionally, a stress over-

hoot is not always present, as demonstrated by the experiments

resented here, where a stress overshoot is only observed for sam-

les with more than 0.5 wt% Carbopol. 

Finally, defining σ y by the steady state gives a precise value

f the yield stress, although the value may be dependent on the

train rate, but then the determination of the yield strain is no

onger possible. 

reep experiments. Creep data are usually shown as creep compli-

nce J(t) = γ (t)/ σ versus time, where γ (t) is the time-dependent

hear strain and sigma the constant imposed stress. Creep experi-

ents were carried out within a stress range determined from the

esults of the previous experiments. In principle, J will go to a con-

tant value at imposed stresses below the yield stress, while it will

ontinue to grow in the liquid state at stresses beyond yielding.

reep compliance data are shown in Fig. 6 for 0.75 wt% Carbopol,

he hair gel, 0.78 vol% emulsion, and the foam. The horizontal ar-

ows on the figures indicate the yield stress from the Herschel–

ulkley fit to the steady shear data. The distinction between un-

ielded and flowing behavior is clear for the Carbopol and the

mulsion. It is difficult to identify the location of the change of

urvature for the hair gel, although the curvature is clearly differ-

nt at the lowest and highest stresses. Tabuteau et al. [55] noted

n creep measurements on a different Carbopol that there appears

o be an intermediate regime in which there is no stable steady

ow over the course of the experiment, and it is possible that this

ehavior is reflected in the hair gel.) The foam data are difficult to

nterpret because of the upturn at even the small stresses at long
imes, perhaps because of a change in structure in the unyielded

oam; the yield stress is likely given by the apparent loss of an

nflection point in the curve. 

Overall, conducting creep measurements to find a good esti-

ate of the yield stress appears to be rather inefficient; not only

s a priori knowledge of the approximate yield stress required, but

he method appears to be more sensitive to structural changes dur-

ng the long time required at a constant stress relative to, for ex-

mple, a Herschel–Bulkley fit. 

.1.2. Comparison of values obtained from different methods 

ield stress. Fig. 7 shows that different methods do indeed give

ifferent yield stress values (error bars correspond to statistical

rror limits from the fitting parameters). Values obtained from

he crossover of G 

′ and G 

′′ ( characteristic modulus ) are the high-

st for all cases; this is not surprising, as there is already signif-
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Fig. 8. Yield strain values obtained from different methods for (a) Carbopol, (b) 

emulsions, and (c) hair gel and foam. Blue symbols are values obtained from the 

oscillatory measurements. Red symbols are values obtained from the stress growth 

experiments. Lines represent scaling of γ y with wt% Carbopol for the Carbopol or 

�φ for the emulsions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

Scaling of the yield strain with wt% Carbopol for Carbopol samples and φ for 

emulsions. 

Rheological measurement Scaling of γ y 

Carbopol Emulsion 

Oscillatory: 

Crossover G ′ and G ′′ ( Fig. 3 ) ∼ (wt%) 0.25 ∼�φ0 

Intersection power-law equations, G ′ vs. γ ( Fig. 3 ) ∼ (wt%) 0.25 ∼�φ0.50 

Intersection power-law equations, σ vs. γ ( Fig. 4 ) ∼ (wt%) 0.50 ∼�φ1.0 

Stress growth: 

Intersection lines σ vs. γ ( Fig. 5 ) ∼ (wt%) 0.20 ∼�φ0.5 

Stress overshoot ( Fig. 5 ) ∼ (wt%) 0.37 –

Fig. 9. Increasing and decreasing shear rate sweeps of emulsions with 2 wt% ben- 

tonite. Each point was recorded after 10 seconds at the given shear rate. Open sym- 

bols are the flow curves going from a low shear rate to a high shear rate, and lines 

are the fits to the Herschel–Bulkley model. Filled symbols are the flow curves go- 

ing from a high shear rate to a low shear rate, and dashed lines are the fits to the 

Herschel–Bulkley model. 
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icant viscous dissipation by the time that G 

′ =G 

′′ . Yield stresses

obtained from the crossover of G 

′ and G 

′′ are about twice the val-

ues obtained from the Herschel–Bulkley model, which are gener-

ally the lowest and are close to the transitions seen in the creep

experiments for the Carbopol and emulsion. Values obtained from

the stress-strain plot derived from the oscillatory data are typi-

cally close to the Herschel–Bulkley values, and, as discussed sub-

sequently, these two methods appear to give the most reliable val-

ues of the yield stress among those considered here. (This con-

clusion is consistent with the observation of Christopoulou et al.

[18] , who identified the intersection of the stress-strain lines as the

yield point and the intersection of G 

′ and G 

′′ as the onset of “com-

plete fluidization”.) The scaling with concentration is the same for

all methods of measurement, however; σ y ∼ (wt% Carbopol) 1.18 for

the Carbopol gels, while, σ y ∼ ( φ−φc ) 
2 , with φc = 0.645, for the

emulsion. Previous work Nordstrom et al. [40] has shown similar

scaling of σ y with �φ for similar systems. The value of φc = 0.645

has previously been reported by Paredes et al. [44] for the same

system, and is close to the expected value for random close pack-

ing, φRCP ≈ 0.64 [10,41,57] ; above φc emulsions jam and a yield

stress appears. 

Yield strain. Yield strain values obtained with different methods

are different, in some cases by an order of magnitude, as shown in

Fig. 8 (statistical variations are within the symbols). Yield strains

obtained from the characteristic modulus are the highest; as al-

ready noted for the yield stress, this is not surprising, as equal-

ity of G 

′ and G 

′′ indicates that there has already been a signif-

icant amount of dissipation, so the material must have yielded

prior to the strain at which G 

′ =G 

′′ . The values obtained from the

stress growth experiments in Fig. 5 are dependent on the partic-

ular choice of fitting the low-strain data, and the lines used in

all cases have magnitudes equal to only about 80% of G 

′ , pos-

sibly because of a finite rate effect. Yield strains obtained from

the intersection of power-law equations describing the behaviors

at low and high γ in oscillatory flow ( Fig. 4 ) are nearly always

the lowest; these strains correspond to the yield stresses that are

consistent with the fits to the Herschel–Bulkley equation and are

probably closest to the true yield strain among the methods stud-

ied. Fig. 8 shows that γ y scales with the amount of polymer for

the Carbopol, and with ( φ−φc ) = �φ, the distance to jamming, for

the emulsion, with φc = 0.645, as noted above. These scalings are
hown in Table 1 , and it is evident that the scalings are highly de-

endent on the measuring method; indeed, the results can be dif-

erent if the same data are analyzed in different ways, as can be

een by comparing the yield strains from oscillatory data obtained

y plotting G 

′ vs. γ and σ vs. γ . 

.2. Thixotropic emulsions 

The apparent yield stress of thixotropic emulsions is determined

y applying the same methods used to determine the yield stress

f ‘simple’ yield stress materials. The term apparent yield stress is

sed because, for thixotropic systems, the flow behavior – hence

he yield stress – depends on the shear history of the sample,

hich is why the yield stress is ill-defined for this type of material

25,35] . In particular, all of the methods used here are expected to

e sensitive to the rate at which experiments are carried out, as

hown, for example, in [23,46] . 

.2.1. Rheological measurements 

teady shear measurements. It is evident from the up-and-down

ow curves of the loaded emulsions in Fig. 9 that these systems

re thixotropic, as hysteresis manifests itself in all of the samples,

howing why a single yield stress value cannot be determined.

ne could indeed define two yield stresses, as done by Mujumdar

t al. [36] : a static yield stress, given by fitting the Herschel–

ulkley model to the flow curves going from a low shear rate to

 high shear rate, and a dynamic yield stress, given by fitting the

ame model to the flow curves going from a high to a low shear

ate. In all cases, the static yield stress is higher than the dynamic

ield stress. Static yield stress measurements to obtain the steady-

tate flow curve are frequently confounded by viscoelastic effects

rior to yielding [23] . As noted in the Introduction, the static yield

tress would be the minimum stress needed to start a flow and the

ynamic yield stress would be the smallest stress applied before a

ample stops flowing. 
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Fig. 10. Oscillatory measurements for emulsions with 2% wt bentonite. (a) G ′ and 

G ′′ as functions of σ . (b) G ′ and G ′′ as a function of γ . (c) σ as a function of γ . In 

(a) and (b), open symbols correspond to G ′ , while filled symbols correspond to G ′′ . 
(c) is a re-plot of the data shown in (a) and (b). Black lines represent the power-law 

fits of the behavior of G ′ (or σ ) well above and well below the yield point. Black 

circles show σ (or γ ) at the intersection of the power-law equations representing 

the behavior of G ′ well above the yield point with the horizontal lines through the 

linear G ′ data. Gray squares show σ (or γ ) at the characteristic modulus, where 

G ′ =G ′′ . 

Fig. 11. Shear stress as a function of γ at an imposed ˙ γ = 1 × 10 −2 s −1 for emul- 

sions with 2 wt% bentonite. Blue symbols show the behavior of an emulsion with 

φ = 0.78. Gray symbols show the behavior of emulsions with φ = 0.74, 0.70, 0.67, 

and 0.66 (top to bottom). Black lines represent the behavior of σ at small deforma- 

tions and at the steady state, whose intersection is shown by circles. 
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Fig. 12. Behavior of (a) σ y and (b) γ y with respect to φ for emulsions with 2 wt% 

bentonite. Black symbols are values obtained from the steady shear experiments, 

in which flow curves are fit to the Herschel–Bulkley model. Blue symbols are val- 

ues obtained from the oscillatory measurements. Red symbols are values obtained 

from the stress growth experiments. Stress growth values of the yield stress and 

strain are not included for φ = 0.78, since steady state was not reached. All lines 

correspond to the scalings given in the text. 
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scillatory measurements. We determined σ y and γ y from curves

f G 

′ and G 

′′ vs. σ or γ , shown in Fig. 10 (a,b). The same data are

e-plotted as σ vs γ , which also allows the determination of σ y 

nd γ y ( Fig. 10 (c)). The crossover of G 

′ and G 

′′ is a well-defined

oint, while the behavior of G 

′ well above the yielding point is

oorly described by a power-law equation; hence the intersection

f a power-law equation representing the behavior of G 

′ well above

he yield point with the horizontal line through the linear G 

′ data

hould not be considered a good method for determining the ap-

arent yield stress (or apparent yield strain ) of the thixotropic sam-

les. 

tress growth experiments. The stress growth experiments are

hown in Fig. 11 . There is continuous curvature with increasing

train prior to attaining the ultimate steady-state shear stress (save

or the emulsion with φ = 0.78, where the stress keeps increasing

lightly with the strain even after apparent yielding), so there is no
bvious way to define the yield stress in terms of departure from

n elastic response. The yield stress can be determined from the

ighest stress at which the response is still elastic, the maximum

tress, or the steady shear stress. We determine σ y and γ y from

he intersection of the lines with unit slope on logarithmic coordi-

ates tangent to σ at low deformations and the steady state value

f σ (excluding the data at φ = 0.78); the former includes the data

n the region just before apparent yielding, with magnitudes equal

o about 55% of G 

′ as measured in the linear viscoelastic oscillatory

xperiments. 

.2.2. Comparison of values obtained from different methods 

ield stress. Fig. 12 (a) shows that different methods give differ-

nt yield stress values for the thixotropic emulsions, as expected,

ince the yield stress of these samples is known to be highly de-

endent on the shear history of the sample. The intersection of

he stress-strain curves from the oscillatory measurements and the

ynamic yield stress determined from the Herschel–Bulkley fit to

he descending shear-rate ramp data are close to each other and

ive the lowest values. On the other hand, the static yield stress

rom Herschel–Bulkley fits to the ascending shear-rate ramps and

he G 

′ −G 

′′ crossover are close to each another and give the high-

st values, which are consistent with the value obtained from

reep experiments on a sample with slightly different flow curves.

he fact that the yield stress obtained from the oscillatory stress-

train curves corresponds to the dynamic yield stress from the flow

urves, not the static value, indicates that small-amplitude defor-

ations within the unyielded material have a marked effect on the

ransition to flow. It is worth noting that all methods for determin-

ng an apparent yield stress show the same scaling with concentra-

ion, namely σ y ∼ ( φ−φct ) 
2 , with φct ≈ 0.545; here, φct denotes

 critical volume fraction for the thixotropic system at which the

ield stress extrapolates to zero. 

ield strain. Fig. 12 (b) shows that yield strain values obtained with

ifferent methods are different, but in all cases are relatively insen-

itive to the volume fraction of clay. Yield strain values obtained

rom the stress growth experiments and from the characteristic

odulus are independent of φ, whereas the yield strains obtained

rom the oscillatory experiments by the intersections of power-law

quations above and below yielding, both from G 

′ and the stress

ersus strain, roughly follow γ y ∼ ( φ−φct ) 
0.5 , with φct φct ≈ 0.545.

he smallest yield strains are given by the intersection of the high-

nd low-strain asymptotes for σ v γ obtained from the oscillatory

ata; the corresponding yield stress is close to that obtained from

he Herschel–Bulkley fit to the descending sweep, so this is the

ield strain corresponding to the dynamic yield stress. The highest

alues are given by the intersection of G 

′ and G 

′′ (the characteristic
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Table 2 

Overview of rheological measurements and concluding remarks in determining the yield stress. 

Rheological measurement Ambiguity Remark 

Oscillatory: 

Crossover G ′ and G ′′ ( Fig. 3 ) No High σ y , past yielding? 

Intersection power-law equations, G ′ vs. γ ( Fig. 3 ) Slope Definition of crossover point? 

Intersection power-law equations, σ vs. γ ( Fig. 4 ) Slope Definition of crossover point? 

Continuous: 

Intersection lines σ vs. γ ( Fig. 5 ) Slope Depends on ˙ γ and waiting time 

Stress overshoot ( Fig. 5 ) Still elastic? Not always present 

Herschel–Bulkley ( Fig. 1 ) No Apply low enough ˙ γ

Creep ( Fig. 6 ) No Inefficient 
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modulus), for which the corresponding yield stresses correspond

to the static yield stresses obtained from the Herschel–Bulkley as-

cending sweeps. 

4. Synthesis and conclusion 

The above results clearly show that both the apparent yield

strain and the yield stress are dependent on the method and

criteria used for determining their values for both normal and

thixotropic yield stress materials. In many of the cases studied here

the properties determined in different ways exhibit the same scal-

ing with respect to the dispersed phase, albeit with different mag-

nitudes. 

For the non-thixotropic yield stress fluids, the value defined

by a Herschel–Bulkley fit to a shear-rate sweep consistently gave

the lowest yield stress among all methods used. In most cases

the intersection between pre-yield and post-yield asymptotes of a

stress vs strain curve constructed from oscillatory data gave simi-

lar results, and this method consistently gave the lowest value of

the yield strain. These values are consistent with each other and,

where a valid comparison may be made, with data from the creep

experiment. The stress vs strain curve constructed from the oscil-

latory data generally showed a sharp transition from the linear

viscoelastic regime to a power-law response that extended well

into the nonlinear regime of substantial dissipation and flow, so

it is likely that this transition is close to the point of initiation of

flow and provides a good estimate of the yield stress. Hence the

Herschel–Bulkley fit and the stress-strain curve from the oscilla-

tory data appear to be the most reliable values among the vari-

ous methods employed on conventional rheometers, although the

former depends on reaching a low enough shear rate and suffi-

cient waiting time to enable reliable extrapolation. The yield stress

obtained from stress growth is ambiguous and depends on the

time resolution and imposed rate. Generally, determining the yield

stress from oscillatory measurements is ambiguous because of the

fitting the slopes to find the intersection. The intersection of the

G 

′ and G 

′′ curves as functions of strain (the characteristic modu-

lus ) is unambiguous but consistently gave the highest values of the

yield stress and yield strain; this is to be expected, since the mate-

rial must have already yielded in order to experience the observed

increase in the dissipative modulus G 

′′ , and this cannot be consid-

ered to be a valid estimate of the yield stress. (In fact, the char-

acteristic modulus was usually close to the maximum of G 

′′ as a

function of strain, which is an observation that deserves further

exploration.) Table 2 gives an overview of the concluding remarks. 

The conclusions for the thixotropic yield stress fluid are simi-

lar, except now a static and dynamic yield stress must be consid-

ered, as shown in the shear-rate sweeps. The dynamic yield stress

determined from the Herschel–Bulkley fit to the descending shear

ramp data and the intersection of the stress and strain curves from

the oscillatory measurements are close to one another and give the

lowest values of the yield stress, and the latter gives the lowest

value of the yield strain; the static Herschel–Bulkley fits to the as-
ending shear-rate ramps and the G 

′ −G 

′′ crossover are close to one

nother and give the highest values. The finite ramp speed is surely

n added factor in the Herschel–Bulkley fits for the thixotropic

uid. 

The use of a stress growth curve gives yield stress and yield

train values in most cases that are intermediate, which is un-

oubtedly a consequence of the ambiguity of the method when

here is significant curvature prior to yielding, and this does not

ppear to be a good method for determining either the static or

ynamic yield stress. The same conclusion can be reached for the

se of the intersection of high- and low-strain values of G 

′ in the

AOS experiment. 

upplementary materials 

Supplementary material associated with this article can be

ound, in the online version, at doi:10.1016/j.jnnfm.2016.11.001 . 
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