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1
INTRODUCTION

1.1 Electrons in two dimensions

The last 50 years have witnessed a tremendous development in the understanding of
semiconductor systems. With semiconductor materials serving as the basic ingredients
for integrated circuits and opto-electronic devices, the never ceasing demands on speed
and versatility of computers and other electronic appliances have resulted in a boom in
research activities on the properties of semiconductors since the invention of the transis-
tor in 1948. Rapidly developing growth technologies such as Molecular and Chemical
Beam Epitaxy (MBE/CBE) and Metal Organic Chemical Vapor Deposition (MOCVD)
allowed the production of highly-defined heterostructures which, in principle, can be
designed to possess almost any desired (opto-) electronic property. Furthermore, ongo-
ing technological progress has resulted in the miniaturization of electronic compounds
at a steady exponential rate [1].

While their economic impact is now beyond any question, these very same well-defined
semiconductor structures provide at the same time a fertile testing ground – and bat-
tlefield – for fundamental physics. Because such structures allow the formation of a
2-dimensional electron gas (2DEG), the unique consequences of a reduced dimension-
ality on correlated electrons can be studied. In fact, at extremely low temperatures and
in the presence of an external magnetic field certain such systems have shown a new
stable phase of matter with fractional charge and obeying unusual fractional statis-
tics [2, 3].

A mere 20 years before the discovery of the electron, Edwin Hall discovered in 1879
that the application of a magnetic field on a current-carrying metal led to a redistri-
bution of charge inducing a voltage perpendicular to both the magnetic field and the
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current [4]. This so-called Hall voltage is linearly proportional to the magnetic field
and inversely proportional to the charge density. With the realization of 2DEGs in the
mid-1960s [5] in Si-MOSFETs (Metal Oxide Semiconductor Field Effect Transistors), it
was just a matter of time before transport measurements on such systems would re-
veal what is now known as the quantum Hall effect. Its discovery [6] by Von Klitzing
in 1980, exactly one hundred years after Hall’s classical Hall effect, heralded an era of
fundamental research on low-dimensional systems. Their unusual properties are noth-
ing less than macroscopic manifestations of quantum effects which occur when typical
features of electronic systems approach the size of the electronic wavelength.

The quantum Hall effect phenomenon can be summarized as follows. Instead of a linear
dependence on the magnetic field B, the Hall resistance RH (the transverse Hall voltage
VH divided by the current I) displays quantized steps called Hall plateaus at values
h/ke2, with k an integer, h Planck’s constant, and e the charge of the electron. In fact,
precise determination of the resistance at the plateaus is now used to define the stan-
dard of resistance RK = h/e2 = 25812.807 Ω and enables an accurate determination of
the fine-structure constant α = µ0ce2/2h as both µ0 and c, respectively the vacuum per-
meability and the (vacuum) speed of light, are defined quantities. Several years after
Von Klitzing’s discovery, Tsui, Störmer and Gossard [2] reported that the value of k was
not merely confined to integers but in very clean samples could also assume fractional
values. In both instances, the Hall plateaus are accompanied by a vanishing dissipation
along the current direction. A second notable feature is the separation of the adjacent
plateaus by continuous, zero-temperature phase transitions, called quantum Hall tran-
sitions that occur at certain critical magnetic fields B∗.

It was recognized early on that these transitions belong to the metal-insulator transi-
tion problem of the Anderson-Mott type in 2-dimensional disordered systems, and that
they are prime examples of continuous quantum phase transitions (QPT). Mainly due
to the work of Pruisken and co-workers, a microscopic field theory of the quantum
Hall effect has recently been formulated [7–9]. By the inclusion of a non-perturbative
topological term (the instanton term) into the theory [10–12], the existing field theories
of localization and interactions at zero magnetic field [13] could be extended to unify
various experimental phenomena such as weak localization occurring at zero magnetic
field and the quantum Hall plateaus and transitions at high magnetic fields.

The QPT of the quantum Hall effect is an unusual insulator-to-insulator transition with
theoretically only the critical point displaying a finite conductance. However, in exper-
imental situations temperature-dependent finite-size effects give rise to finite transition
widths. Pioneering experiments by H.P. Wei et al. [14] probed this critical region by
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measuring the width of the resistance peak ∆B as a function of temperature T. They
found that the region of finite conductances reduced to a singular point in the asymp-
totic limit T → 0 according to the scaling law ∆B ∝ Tκ, with a universal critical expo-
nent κ ≈ 0.42± 0.05.

Ever since Wei’s original experiments, the critical behavior of the quantum Hall effect
has been studied in more detail, extending to new regimes, such as the extreme quan-
tum limit where the quantum Hall plateau evolves into an insulator [15,16], and into the
variable range hopping regime close to the localized state [17, 18]. Strangely enough,
Wei’s original value of the critical exponent of the temperature dependent measure-
ments κ = 1/νθzT ≈ 0.42 implying a localization length exponent νθ ≈ 2.3 (= 7

3 ) and a
dynamic scaling exponent zT = 1 has become deeply entrenched in quantum Hall lore
and has remained unchallenged for more than 15 years, although its experimental jus-
tification is, in fact, rather weak. What is most puzzling is that the above most-quoted
value for νθ reflects a Fermi-liquid free-electron model, which is in contradiction with
the presence of infinite-ranged Coulomb interactions between the electrons. Likewise,
the role of macroscopic inhomogeneities on the transport properties of a 2DEG has, un-
til recently, been mostly overlooked.

1.2 Disorder and Inhomogeneities

The difference between disorder and inhomogeneities in the quantum Hall effect is not
merely a question of semantics. Whereas the presence of random disorder is essential
for localization to occur, inhomogeneities, on the other hand, merely complicate the
study of the critical behavior of localization. With typical length scales similar to that
of the sample, their effects on the transport data generally do not average out. In realis-
tic samples and experiments macroscopic inhomogeneities are a fact of life. They may
occur due to such various reasons as macroscopic spatial variation of charge carriers
(and donors), misaligned contacts, non-ideally conducting contacts and badly defined
sample geometries. In transport measurements their presence is generally discerned
from an anomalous temperature dependence of the plateau to plateau (PP) transition
peaks [19]. While in this work we will show that they are most effectively countered for
the plateau to insulator (PI) transitions, recent investigations by Ponomarenko et al. [19]
have shown that in certain situations they can be corrected for the PP transitions as well.

Once the macroscopic inhomogeneities are taken care of, the question of the type of
disorder still remains. In general, one distinguishes between long-range disorder po-
tential fluctuations (`SP > `B) and short-range disorder (`SP < `B), with `B =

√
h̄/eB
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the magnetic length, and `SP the distance between the various potential saddle points
along the equipotential electron trajectory. This distance may be roughly equated to
the distance between the scattering potentials. The former type of disorder is dominant
in relatively clean systems such as GaAs where scattering is mainly caused by remote
ionized impurities, while the latter type of disorder is dominant in alloy systems such
as In0.57Ga0.47As. As we describe in Chapter 4, an experimentally observable quantum
critical regime requires a high density of elastic scattering events, which explains our
choice of InGaAs samples in these investigations.

1.3 This Thesis

The work presented in this thesis sprouts from a combination of several diverse re-
search fields. The fundamental nature of each of these fields is witnessed by the fact
that a Nobel prize was awarded for each individual topic. Apart from the integer
quantum Hall effect (Von Klitzing [6], Nobel prize 1985) which forms the main topic
of this thesis, we shall also briefly touch upon the fractional quantum Hall effect (Tsui,
Störmer [2] and Laughlin [3], Nobel Prize 1998). Our general aim, however, will be to
study the critical behavior related to strong localization (Anderson [20] and Mott [21],
Nobel Prize 1977) of 2-dimensional electron gases in semiconductor heterostructures
(Alferov, Kroemer and Kilby, Nobel Prize 2000) using well-developed ideas from the
renormalization group (Wilson [22], Nobel Prize 1982).

The great interest in this research from the side of high energy physics stems from the
applicability of advanced field theoretical techniques in tackling quantum many-body
problems in the presence of electronic disorder. The quantum Hall effect is especially
appealing since the conceptual structure of the theory as well as the algebra are surpris-
ingly similar to those in quantum chromodynamics (QCD). In fact, the quantum Hall
system is actually an outstanding experimental realization of the topological concept
of an instanton vacuum in asymptotically free field theory [10, 11, 23]. Both the issue
of asymptotic freedom (Gross, Wilczek [24] and Politzer [25], Nobel Prize 2004) as well
as the instanton angle θ originally arose in QCD. The quantum Hall system, therefore,
provides a unique laboratory where the strong coupling problems that have been en-
countered in quantum field theory can be explored and investigated in great detail [26].

In this thesis, we focus on magneto-transport measurements on two-dimensional elec-
tronic systems with predominantly short-ranged disorder (InGaAs) in the presence of
a high magnetic field. In particular, we investigate the critical behavior of the quantum
critical point between the quantum Hall plateau and the insulating state in the tem-
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perature range between 0.1 and 4.5 K. Contrary to the generally accepted belief that
the integer quantum Hall effect is a free-electron phenomenon, our determination of
the critical exponent κ indicates a non-Fermi liquid behavior, thereby reaffirming the
importance of Coulomb interactions. Furthermore, we are able to disentangle macro-
scopic inhomogeneity effects from the microscopic transport parameters for the PI tran-
sition and to deduce the universal scaling functions. We also investigate the effects of
macroscopic electron density inhomogeneities on the magneto-transport data in order
to determine whether they account for the general lack of universality between the var-
ious quantum Hall transitions as observed in most experiments.

This thesis is organized as follows: in Chapter 2 the general properties of 2DEGs are
summarized and essential theoretical concepts related to electron transport and disor-
der are introduced. In this context we also venture into some basic understanding of
scaling behavior at (quantum) phase transitions while leaving the detailed discussion
on renormalization group theory to Chapter 7. In Chapter 3 the experimental setup is
described, including a short general description of the samples employed in this study.

Chapter 4 examines the disorder criteria which must be met if a sample is to be used
in experimental studies on quantum critical behavior. This is followed by a characteri-
zation of the disorder of two InGaAs/InP heterostructures at weak magnetic fields (i.e.
in the weak localization regime) which then enables us to propose the basic ingredients
for the production of an ideal scaling sample.

Chapters 5 and 6 comprise the main course of this thesis and revolve around the plateau-
insulator (PI) transition in the extreme quantum limit. It was shown by Van Schaijk et
al. [16] that macroscopic inhomogeneities complicate the analysis of this transition. In
order to circumvent this, a new analytical method is introduced in Chapter 5 which ef-
fectively employs the specific symmetries occurring at the PI transition and enables us
to disentangle inhomogeneity effects from the true intrinsic transport behavior. It also
analyzes the effects of macroscopic inhomogeneities on the PI transition and gives an
estimate of the validity of the data in the presence of such inhomogeneities.

The actual experimental results of the PI and plateau-plateau (PP) transition measure-
ments are presented in Chapter 6. By measuring the temperature dependence of the
magneto-resistance of the 2DEG at very high fields (B ∼ 20 T), we investigated the
characteristics of the critical behavior of the quantum Hall effect using the framework
of Chapter 5. From our data, we are not only able to determine the critical exponent κ

very accurately, we are also able to derive what is known in the renormalization group
formalism as the irrelevant-flow critical exponent yσ. We also identify higher-order
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terms at the Landau level tails which indicate a crossover to a different transport mech-
anism such as variable range hopping.

Chapter 7 further capitalizes on the results found in Chapter 6 and takes the analysis
one step further to the level of the renormalization group (RG). The RG β-functions
are derived from the experimental results and compared with the theoretical ‘dilute in-
stanton’ expressions which are valid in the weak coupling limit. Comparisons are made
between the free-electron model which yields Fermi-liquid results of the critical expo-
nents and the non-Fermi liquid model which incorporates infinitely ranged Coulomb
interactions. In this chapter we are able to construct the complete RG flow diagram and
interpolate the dissipative β-function from the weak to the strong coupling regime at
the critical point.

After our initial focus on the implications of our experimental findings on the critical
behavior of the quantum Hall effect, we return to the problem of macroscopic inhomo-
geneities and their effects on PP transition in Chapter 8. The temperature-dependent
behavior of the maximum conductivity occurring for PP transitions as well as the dis-
crepancy between the values of the critical exponent κ of the PI and the PP transitions
serve as a motivation to tackle the problem of the effects of an inhomogeneous carrier
density distribution on the transport results. We present an analytic approach for a lin-
ear density gradient using series expansion methods. Our results compare quite well
with recent numerical work carried out by Ponomarenko et al. [27].

Finally, interesting results on scaling in quantum Hall systems were recently reported
by Hohls et al. [17, 18]. Instead of looking at the bulk conducting region close to the
critical point, they focussed their attention on variable range hopping transport in the
Landau level tails of GaAs/AlGaAs heterojunctions. In doing so they were able to
gather information on the T-dependent behavior of the correlation length ξ directly, al-
though their region of study was primarily outside of the critical regime. In Chapter 9
we repeat their experiment using an InGaAs/InP and a GaAs/AlGaAs sample. While
the low-mobility GaAs/AlGaAs sample shows some correspondence to the result ob-
tained in Ref. [18] other results of this samples as well as the results for the InGaAs/InP
sample disagree with the results by Hohls et al. . We are therefore unable to obtain a uni-
versal critical exponent for the PP transition using the variable range hopping model.



2
THE QUANTUM HALL EFFECT:

INTRODUCTION

2.1 Introduction

The discoveries of the integer quantum Hall effect by Von Klitzing [6] in 1980 and
the fractional quantum Hall effect [2, 3] by Tsui and Störmer in 1982 are considered
as two of the most important discoveries in fundamental physics of the latter half of
the twentieth century. The precise quantization of the resistance at h/ke2 (with k an in-
teger or fraction) independent of the specific characteristics of the sample has made the
quantum Hall effect become adopted as the standard of resistance with RK = h/e2 =
25812.807 Ω. Moreover, it has enabled the determination of the fine structure constant
α = µ0ce2/2h = µ0c/2RK with a relative accuracy of less than 10−8 [28].

The quantum Hall effect is intimately related to the concept of localization in two-
dimensional systems. A theory on the localization of electrons – i.e. an inhibition of
electron diffusion due to the presence of disorder – was first proposed by Anderson [20]
in the late 1950’s. It states that the electron wave functions become exponentially local-
ized at absolute zero temperature if the disorder is sufficiently strong. Subsequent work
by Thouless [29,30] in the 1970’s prepared the groundwork for a renormalization group
approach [31–35] to the localization problem that was followed by an important paper
by Abrahams, Anderson, Licciardello and Ramakrishnan (‘The Gang of Four’) [36].
The resulting single-parameter scaling hypothesis stated that the scaling behavior of
the conductance is determined by the conductance alone, and that in one and two di-
mensions the presence of disorder, however small, localizes all electronic states for an
infinite sample in the limit T → 0.
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This scaling theory, however, did not incorporate the effect of an external magnetic
field B on the localization behavior. In fact, the discovery of the quantum Hall effect
was completely unexpected because in order for it to exist the presence of de-localized,
or extended, states at certain magnetic fields B∗ was required. Extended states are char-
acterized by a divergent localization length ξ such that ξ ∝ |B− B∗|−νθ becomes greater
than the sample size L. Here, νθ is the so-called localization length exponent which is the
correlation length critical exponent for metal-insulator transitions. The extended states
were enigmatic because they could not be derived from incorporating higher-order per-
turbation terms into the scaling theory. That approach merely provided logarithmic
corrections to the conductance for the case of finite temperatures. The introduction of
topological concepts taken from quantum chromodynamics [10, 11] in the early 1980s
extended the scaling theory for disordered systems to the B > 0 case, thereby account-
ing for the extended states and the characteristic quantizations of the Hall conductance
which were observed in the experiments.

The scaling theory of the quantum Hall effect implied that the transitions between the
quantized plateaus were a series of quantum phase transitions. Insight into the critical
behavior of these transitions was first obtained through pioneering experiments by Wei
et al. [14,37] who claimed the observation of a universal critical exponent for the transi-
tions between the plateaus as a function of temperature.

Ever since Wei’s initial experiments the exact nature of the transitions has remained an
ardent topic of debate, having been fuelled by a plethora of phenomenological mod-
els and inconclusive experimental results. The difficulty of theoretically treating both
disorder and interactions at a microscopic level has kept theorists from arriving at a mi-
croscopically motivated value of νθ , while a general lack of suitable samples remains the
bottleneck for the experiments. Verification of the stringent disorder criteria required of
scaling samples has generally not had the priority it deserves, while the fundamental
consequences of macroscopic inhomogeneities on the critical behavior of quantum Hall
transitions have until recently been mostly overlooked.
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2.2 Two-dimensional electron systems

An electronic system is considered to be two-dimensional when one of the spatial de-
grees of freedom, typically denoted by z, becomes confined to a region less than the
Fermi wavelength λF = 2π/kF, where kF is the Fermi wave number. At zero tempera-
ture, electrons occupy states specified by the wave vector k with |k| ≤ kF. The Fermi
wave vector in 2D is related to the electron density ne through

ne =
gs

(2π)2 πk2
F =

k2
F

2π
, (2.1)

where the factor gs = 2 is the spin degeneracy. In systems discussed in this work, such
as GaAs/AlGaAs and InGaAs/InP heterostructures, we have λF ∼ 40 - 55 nm for typi-
cal electron concentrations ne ∼ 2-3× 1011 cm−2.

2.2.1 Semiconductor heterostructures: InGaAs/InP

A typical III-V heterostructure used in this thesis is depicted in Fig. 2.1. On top of a
semi-insulating Fe-doped InP substrate a buffer layer of InP doped with Si is grown.
The Si atoms act as donors for the electron gas. To diminish the role of the ionized Si
atoms as remote scattering impurities for the 2DEG, an undoped InP spacer layer is
grown on top of the buffer layer. The InGaAs layer is grown next. In order to attain a
lattice-matched interface to avoid defects resulting from crystal strain, the ratio of In:Ga
is chosen as 53:47. This results in a lattice constant a0=5.868 Å, which is the same as that
of the underlying InP. A fortunate side-effect of this near-50/50 ratio is the fact that it
introduces a high amount of short-ranged random alloy scattering that is necessary for
the type of experiments considered here.

The band discontinuity as one goes from InP to InGaAs, as well as the presence of the Si
dopants, lead to a readjustment of the band structure. The electrons from the Si atoms
move to the region of lower band gap in the InGaAs layer. The Coulomb interaction be-
tween the ionized Si donor atoms that constitute the depletion layer in the InP and the
electrons in the small-gap InGaAs layer results in a confinement of the electrons at the
interface. If the width of the confining potential at the InGaAs/InP interface is compa-
rable to the de Broglie wavelength of the electrons one must treat the problem quantum
mechanically. Instead of a continuum of allowed energy states, several subbands are
created with an energy separation inversely proportional to the width of the confine-
ment potential V(z). Since the motion in the direction perpendicular to the interface is
quantized the electrons can move freely only in the directions along the surface.
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Figure 2.1: Typical growth structure of an InGaAs/InP heterostructure. Electrons from the Si-doped
In move to the (In,Ga)As which has a lower bandgap. Readjustment of the valence (EV) and conduction
(EC) bands results in a triangular-shaped region of the conduction band close to the potential barrier
which falls below the Fermi energy (EF) thereby creating a 2DEG (inset). The 2DEG is separated from
the depletion layer by an undoped InP spacer.

2.3 Quantization of the energy levels

2.3.1 Confinement potential: energy subbands

The wave function ψ(r) of the 2DEG can be written as a product of a z-dependent wave
function ψz and a plane wave ψxy in the x-y direction such that

Ĥψ(r) =
[
Ĥxy + Ĥz

]
ψxy(x, y)ψ(z) =

[
Exy + Ez

]
ψxy(x, y)ψz(z) . (2.2)

The function ψz(z) fulfills the one-dimensional Schrödinger equation

Ĥzψz =
[

Ĥ0
z + V(z)

]
ψz = Ei

zψz , (2.3)

with

Ĥ0
z = − h̄2

2m∗
∂2

∂z2 . (2.4)

Here, Ĥ0
z is the Hamiltonian for an unperturbed periodic host lattice in the effective

mass approximation, and V(z) the potential of the conduction band discontinuity at
the interface. The effective mass approximation allows one to represent an electron in
a semiconductor as a free quasi-particle with an effective mass m∗ that takes account
of the effect of the crystal potential. The energy eigenvalues Ei

z are the ground-state
energies of the various subbands of the 2DEG. When only the lowest subband E0

z is
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populated then the electron system is considered to be truly two-dimensional, since it
is described in the z-direction using only one energy and one electronic wave function.

Without a magnetic field and assuming an isotropic and constant effective mass m∗, the
dispersion relation of the electron gas fulfilling Eq. (2.2) is written as

E(x, y) = Ei
z +

h̄
2m∗ (k2

x + k2
y) , (2.5)

where kx and ky are the wave vectors parallel to the interface. The density of states
(DOS) of a two-dimensional spin-degenerate electron system (gs = 2) in zero magnetic
field is given by

N0(E) =
gsm∗

2πh̄2 =
m∗

πh̄2 . (2.6)

In order to have only the lowest energy subband of the 2DEG populated, the carrier
density ne and the temperature T must fulfill the following conditions

ne < N0(E)(E1
z − E0

z ) , (2.7)

kBT < (E1
z − E0

z ) . (2.8)

Hence, experiments involving pure 2DEGs are restricted to temperatures in the order
of several Kelvin only. The experiments described in this work generally take place at
T ≤ 4.2 K, the boiling point of 4He at ambient pressure.

2.3.2 Magnetic field: Landau quantization

When a magnetic field B is applied to a 2DEG the energy spectrum changes in a dra-
matic way. Whereas the DOS for two-dimensional free electrons is constant (Eq. (2.6)),
a magnetic field causes the DOS to split up into a sequence of δ-functions, separated by
an energy h̄ωc, with ωc the cyclotron frequency

ωc =
eB
m∗ . (2.9)

The density of states N(E) therefore becomes

N(E) = gnN0(E) ∑
n

δ(E− En) , (2.10)

where the quantized energy levels En are called Landau levels and gn = h̄ωc is the
degeneracy for each Landau level,

En = h̄ωc

(
n +

1
2

)
, n = 0, 1, 2, . . . (2.11)

From Eqs. (2.6) and (2.9) we find that gnN0(E) in Eq. (2.10) is the total number of avail-
able states per Landau level,

gnN0(E) =
gseB

h
= gsnB . (2.12)
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Taking Φ0 = h/e as the quantum of magnetic flux, nB = B/Φ0 then is the magnetic flux
density in the sample.

A spin degeneracy factor gs = 2 means that every state can be occupied by two elec-
trons with opposite spin. However, when a magnetic field is applied to such a system,
the Zeeman effect causes a lifting of the spin-degeneracy so that the Landau levels again
split up into spin-up and spin-down polarized levels, and Eq. (2.11) becomes

En,s =
(

n +
1
2

)
h̄ωc + msg∗µBB . (2.13)

Here, ms = ± 1
2 is the spin quantum number, µB is the Bohr magneton and g∗ is the ef-

fective Landé g-factor. Unlike free electrons, where g ≈ 2, spin-orbit coupling in solids
strongly influences the band structure and causes g to take on very different values. In
GaAs g∗ = −0.44, while in bulk In0.53Ga0.47As and InP g∗ = −4.50 and −1.9 respec-
tively. However, in heterostructures these values may yet be different and depend on
the exchange enhancement arising from mutual interaction of the different materials as
well as on the magnetic field and carrier density [38, 39].

Filling factor

A very important parameter is the so-called filling factor ν, defined as the number of
occupied Landau levels

ν =
ne

nB
=

hne

eB
. (2.14)

To denote the spin-polarized Landau levels occurring at high magnetic fields, the con-
ventional notation is to add the spin direction, so that the lowest two (spin-split) Lan-
dau levels are denoted by n = 0 ↑ (PI) and n = 0 ↓ (PP). One may also ascribe an index
k which is the integer part of ν. When the Fermi energy falls between the Landau levels
k and k + 1 (in the spin-polarized case) or k and k + 2 (in the spin-degenerate case), the
Hall resistance value becomes Rxy = h/ke2.

The cyclotron frequency ωc can be thought of semiclassically as the frequency at which
the electrons move in circles of radius rc = vF/ωc under the influence of a magnetic
field, with vF = h̄kF/m∗ being the Fermi velocity. In quantum mechanics rc is quan-
tized, so that

rc = `B
√

2n + 1 with `B =

√
h̄

eB
, (2.15)

The cyclotron radius rc is equivalent to the width of the electronic wavefunction be-
longing to the nth Landau level. The magnetic length `B ≈ 26nm at B=1 T is therefore
equivalent to the width of the wave function belonging to the lowest Landau level and
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Figure 2.2: Density of states of the 2DEG in the presence of an external magnetic field B. The sep-
aration between the Landau levels is h̄ωc, with an additional spin-splitting of width g∗µBB due to the
Zeeman effect. The Landau levels are disorder-broadened with width Γ. The tails of the Landau levels are
localized (shaded regions).

is regarded as the characteristic length scale for B > 0 experiments.

Figure 2.2 shows the difference of the density of states N(E) for B = 0 and for magnetic
fields B > 0. Because of the disorder the Landau levels acquire a width Γ ∼ h̄/τq

where the single-particle relaxation time τq is the average time between two scattering
events. The electrons in the Landau levels are localized (shaded regions), except for
narrow bands around the center which indicate the extended states. The question of
localization will be addressed in Section 2.6.
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2.3.3 Effective Hamiltonian and the non-linear σ model

The general Hamiltonian for a 2DEG in the presence of a magnetic field is often written
as follows,

Ĥxy = ∑
i

[
1

2m∗ (pi + eA)2 + Vimp(ri)
]

+
1
2

µB ∑
α,β

σ̂αg∗αβBβ + ∑
i<j

Vee(ri − rj) , (2.16)

where A is the external magnetic vector potential, σ̂α represents the Pauli spin matrices,
and g∗αβ is the effective Landé g-factor. The various terms of Eq. (2.16) represent respec-
tively the kinetic energy of the electrons under the influence of a perpendicular mag-
netic field, the disorder potential Vimp, the Zeeman energy and the electron-electron
interaction potential Vee.

While most transport phenomena in 2D electronic systems can be explained naively
by means of a non-interacting theory (i.e. by setting Vee = 0), Eq. (2.16) fails to de-
liver adequate results in the critical regime where disorder, many-body and long-range
effects all intertwine to determine the precise behavior of the system. An important
limitation is the lack of a proper method for a simultaneous treatment of the disorder
and the interaction potentials. Several authors [40–42] have tried to approach the prob-
lem by starting from the noninteracting case, Vee = 0, and proceed by treating Vee as a
small perturbation of the Hamiltonian. However, around the critical point the correla-
tion length rapidly diverges, rendering such a perturbative approach quite ineffective.
Pruisken et al. [7] have claimed that the only formalism able to combine disorder and
interactions is field theory, and it is this approach we will mostly adhere to in this work.

Non-linear σ model

The field-theoretical description of interacting electrons in the presence of disorder is
usually presented in terms of the non-linear σ model (nlσ) that was developed by Weg-
ner [31] for noninteracting particles in zero magnetic field and by Finkel’shtein [13] for
the interacting case, while Pruisken and co-workers [7–11] expanded it for the case of
the quantum Hall effect.

The effective action of the nlσ model can be split up in several terms:

Seff = Snlσ + σ0
xyStop + SU + SF , (2.17)

where Snlσ is Wegner’s B = 0 free-electron action and Stop is the instanton term, sig-
naling the presence of the magnetic field through σ0

xy, the Hall conductance, which is
in itself a measure of B. This latter topological term is one of the most difficult aspects
in the theory of Anderson localization, and a full treatment is beyond the scope of this
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thesis (see e.g. Refs. [12, 23, 43]). SU is the Coulomb term of the action [7] and is mainly
concerned with the effects of the interactions between the electrons. The final term, SF,
is the singlet interaction term which defines the temperature scale of the problem [44].

To accommodate interactions in the field-theoretical nlσ model two additional param-
eters are used: an interaction crossover parameter c and the singlet interaction am-
plitude z. The parameter c interpolates the theory between the noninteracting case
(c = 0) for free particles and the Coulomb case (c = 1) for infinite-ranged interactions.
Finite-ranged interactions, such as dipoles, occur for 0 < c < 1. The singlet interaction
amplitude z regulates the relation between the temperature and the length scale of the
problem. Recent theoretical work [45, 46] suggested that the incorporation of electron-
electron interactions alter the behavior of the 2DEG in a fundamental way by placing it
in a different universality class from the non-interacting problem. Chapter 7 provides
a more detailed description of the field-theoretical approach and how it ties in with the
experimental results.

2.4 Electron transport

Transport measurements – resistance or conductivity measurements as function of an
external field such as T, B, or ω – are a well-tested and accurate means of probing the
density of states N(EF) at the Fermi level. For the quantum Hall effect, a current I is
applied to the 2DEG while the resistances Rxx and Rxy are measured as functions of T
and B as shown schematically in Fig. 2.3.

2.4.1 Semiclassical transport in two dimensions

In homogeneous systems the relation between an applied electric field E and the current
density j is given by the conductivity tensor σ̂ or its inverse, the resistivity tensor ρ̂, in
the linear approximation,

j = σ̂E ⇔ E = ρ̂j . (2.18)

In two dimensions the conductivity tensor is given by

σ̂ =

(
σxx σxy

−σxy σxx

)
= ρ̂−1 =

(
ρxx −ρxy

ρxy ρxx

)−1

, (2.19)

where
ρxx =

σxx

σ2
xx + σ2

xy
, ρxy =

σxy

σ2
xx + σ2

xy
. (2.20)
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Figure 2.3: Left: The Hall bar geometry. A magnetic field B is applied perpendicular to the 2DEG
and voltages parallel Vxx and perpendicular Vxy to the applied current I are measured. Right: Resistance
curves as functions of B. Dashed lines are the classical Hall results; solid lines are the quantum Hall
results.

Without a magnetic field, and in the absence of weak quantum interference effects the
longitudinal conductivity σxx is given by the classical Drude – Zener – Boltzmann the-
ory

σxx =
nee2τ

m∗ , (2.21)

where τ is the relaxation time. The fact that the conductivity is a direct probe of the
density of states may be explicitly seen from the Einstein relation

σxx = e2N(EF)D , (2.22)

where D is the diffusion constant. Using the definition D = `2
mfp/2τ, with `mfp the

transport mean free path, and Eq. (2.6) we obtain

σxx =
e2

h
kF`mfp . (2.23)

Here, e2/h is the natural unit of conductance and kF`mfp is a dimensionless number
related to the amount of scattering. For very strong scattering, the mean free path may
become as short as the electron wavelength implying kF`mfp ≈ 1 (Ioffe-Regel criterium).
When this criterium is met interference between multiply scattered waves causes insu-
lating behavior due to disorder localization.

In the case of weak magnetic fields, the following behavior of the conductances may be
derived [47]

σxx =
σ0

1 + (ωcτ)2 , σxy =
σ0ωcτ

1 + (ωcτ)2 , (2.24)
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with σ0 the zero-field conductivity as defined in Eq. (2.21). Plotting σxx versus σxy we
find that from the semiclassical approximation an applied magnetic field causes a semi-
circular trajectory with locus (0, σ0

2 ),

(
σxx − σ0

2

)2

+ σ2
xy =

(
σ0

2

)2

. (2.25)

The consequence of Eq. (2.25) is plotted in Fig. 2.5 (top).

2.4.2 Scattering

While the electron density ne is a natural measure for the energies involved in transport
measurements, the mobility µ is considered as a characterization of the disorder. It is
related to the relaxation time τ as

µ =
e

m∗ 〈τ〉 . (2.26)

One can actually distinguish between two characteristic relaxation times, the transport
lifetime τt, and the single-particle (or quantum) lifetime τq. The difference between the
two lifetimes lies in the averaging of the scattering events over all angles. The single-
particle lifetime τq is a measure of the mean time a carrier remains in a particular state
before being scattered to a different state. It is related to the width Γ of the broadened
Landau level by Γ = h̄/τq. In the calculation of τq all scattering events are weighed
equally. In contrast, the transport time τt is a measure of the amount of time a carrier
remains moving in a particular direction and hence appears in Eq. (2.21). Thus, in calcu-
lating the transport time, the inclusion of a factor [1− cos(θ)] where θ is the scattering
angle, emphasizes the importance of the large angle over the small angle scattering
events.

1
τt

=
∫

dk′P(k, k′)(1− cos θ) , (2.27)

1
τq

=
∫

dk′P(k, k′) . (2.28)

Here, P(k, k′) is the probability of scattering from state k to state k′.

Consequently, the lifetime ratio τt/τq = µt/µq is determined by the angle dependence
of the matrix element P(k, k′) for a given scattering process and it has been used to make
inferences about the type of scattering mechanisms which limit the scattering mobility
at low temperatures [48]. For predominantly short-ranged disorder the scattering is
isotropic so that τt/τq = µt/µq ≈ 1.
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2.5 Transport in high magnetic fields

When the magnetic field is increased, the density of states N(E) can no longer be con-
sidered constant. The following transport regimes can be distinguished as function of
increasing magnetic field:
• The semiclassical regime, described by Eqs. (2.24) - (2.25).
• The Shubnikov - de Haas regime, where the separation of Landau levels result in a

ripple on the density of states, Eq. (2.29).
• The quantum Hall regime, where the Landau levels have fully separated and localiza-

tion in the Landau level tails leads to quantized Hall plateaus in ρxy.
• The insulating regime in the extreme quantum limit, when the Fermi energy passes

through the lowest Landau level and the system becomes an insulator.

2.5.1 Shubnikov – de Haas oscillations

At weak fields the Landau levels are not completely separated and N(E) can be ap-
proximated as an oscillatory function of energy. This oscillatory behavior is reflected
in the longitudinal resistivity ρxx as function of the magnetic field. For isotropic short-
range scatterers the resistance is related to the oscillatory behavior of N(E) and is given
by [49]

∆ρxx(B, T)
ρ0

= 2
∞

∑
s=1

exp
(−πs

ωcτq

)
2π2skBT/h̄ωc

sinh(2π2skBT/h̄ωc)

[
cos

(
2πsEF

h̄ωc
− πs

)]
. (2.29)

The formula consists of three terms. The oscillatory cosine components are the Shub-
nikov – de Haas oscillations, while the exponential envelope function accounts for a
rapid decay in 1/B as a function of the harmonic index s. The quantum mobility µq is
found from the decay of the envelope function through µqB = ωcτq. The second term
sX/ sinh(sX) is the thermal damping factor for the oscillations and can be used to de-
termine the effective mass m∗ found in ωc.

2.5.2 The quantum Hall effect

The quantum Hall effect appears when the Landau levels separate to such an extent
that the Fermi energy moves through the mobility edge (cf. Sec. 2.6) which is located in
the Landau level tails. It is characterized by the appearance of Hall resistivity plateaus
Rxy = h/ke2 at integer filling factors ν = k, independent of the specific sample char-
acteristics. At the same time, the longitudinal resistance Rxx reduces to zero as was
depicted in Fig. 2.3.
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The most common explanation of the quantum Hall effect is that the potential fluctua-
tions due to disorder lead to a localization of electronic states in the Landau level tails.
These tails therefore do not contribute to the conductivity of the two-dimensional sys-
tem. Only the extended states can carry current. When the magnetic field increases,
the localized states are filled up without any change in the occupation of the extended
states, resulting in an absence of longitudinal conductivity σxx = 0 at the plateaus.
However, when the Fermi energy passes through an extended states region at the cen-
ter of a Landau level, dissipation occurs and the Hall resistance Rxy makes a smooth
transition from one plateau to the next.

The quantum Hall effect has also been explained in terms of edge currents [50]. Such
‘edge states’ act as one-dimensional conducting channels at the edge of the sample [51].
The current carried by these channels is fixed, with the currents on the left-hand side
and on the right-hand side of the 2DEG flowing in opposite directions. Resistance is
non-zero when the Fermi energy is aligned with the extended states of a Landau level
and electrons can be scattered across the 2DEG towards the opposite edge. In this case,
the Hall resistance loses its quantized value. In the localized state, the channels return
to the sample edges, thereby reducing backscattering and resulting in ρxx = 0 and a
quantized Hall resistance.

Maxima in the conductivity occur when the the Fermi energy lies in the middle of the
Landau levels. Using the Einstein relation, Eq. (2.22), and assuming non-overlapping
Gaussian shaped Landau levels we obtain for the maximum of the conductivity peak

σn,∗
xx =

1√
2π

(
n +

1
2

)
, (2.30)

in units e2/h and as function of Landau level index n. However, using the self-consistent
Born approximation (SCBA) Ando [52] predicted an increase in peak maxima for short-
ranged white-noise potential scatterers as

σn,∗
xx,SCBA =

2
π

(
n +

1
2

)
. (2.31)

Fractional quantum Hall effect

In 1982 Tsui and Störmer [2] discovered that in high mobility samples quantized plateaus
also occurred for certain fractional filling factors ν = p/(2mp± 1), where m and p are
integers. This so-called fractional quantum Hall effect was quickly explained by Laugh-
lin [3] as being due to a many-body effect in which quasiparticles were created with
fractional charge e∗ = 1

3 , 1
5 , 1

2p+1 and adhering to fractional statistics [53]. Such quasi-
particles were considered as composite particles consisting of an electron plus an even



20 CHAPTER 2

 
 
 
 

Figure 2.4: Hall resistance ρxy and longitudinal resistance ρxx of a high mobility GaAs/AlGaAs
heterostructure showing many fractional states. A dip in ρxx coincides with a quantized plateau in ρxy

at values h/νe2 (from Ref. [55]).

number of magnetic flux quanta. Due to its incorporation of the flux quanta, the com-
posite quasiparticle experiences a reduced effective magnetic field B∗ = B− 2pne · h

e ,
with ne the electron density, at which it demonstrates the usual quantum Hall transi-
tions. The discovery of the fractional quantum Hall effect led to a hausse of theoreti-
cal and experimental research which quickly went beyond the mere localization prob-
lem. Fig. 2.4 depicts the resistivity curves of a high-mobility GaAs/AlGaAs sample at
85− 115 mK showing various fractional states. The various states were classified in a
hierarchy scheme by Jain [54].

The PI transition

In the absence of the fractional quantum Hall effect, the 2DEG becomes an insulator
in the extreme quantum limit, i.e. when the Fermi energy passes through the lowest
Landau level. Since there are no more current carrying channels at the edge, the longi-
tudinal resistivity increases exponentially with increasing magnetic field, and hence the
transition occurs not from a quantum Hall plateau to the next plateau (PP), but instead
from a plateau to an insulator (PI). This particular transition is now recognized as very
important for studying quantum Hall critical behavior. For a sample with a reasonable
electron density the lowest Landau level is well separated from neighboring Landau
levels and is completely spin-polarized due to the high applied magnetic field. Quan-
tum Hall transitions under such conditions are therefore considered to be extremely
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pure. Moreover, Chapters 5 and 6 of this thesis will show that unwanted macroscopic
inhomogeneities can most effectively be dealt with only for this particular Landau level.

An important question which has been dominating the debate on this particular subject
is the behavior of ρxy in the insulating regime. Some studies [56–59] have shown that
an uncorrelated electronic system would retain the quantized value ρxy = h/e2 in the
insulating regime, while others [60–62] have proposed a diverging Hall resistance, sim-
ilar to ρxx. This thesis (Chapter 6) shows that the true behavior of ρxy is actually rather
subtle; namely that ρxy diverges as a function of ν and B, but remains quantized at h/e2

as a function of the scaling variable X (cf. Section 2.7).

2.6 Localization

The idea of localization of electronic states is fundamental to the existence of the quan-
tum Hall effect. Within solid-state physics, localization, in particular the metal-insulator
transition, has been an important topic of research. One generally distinguishes be-
tween weak localization, caused by a superposition of interfering electron wavefunc-
tions, and strong (Anderson) localization which is brought about by the presence of
random impurities. While at first sight the origins of both localization types might
seem different, they are, however, closely linked. The scaling theory of the quantum
Hall effect [7, 8] proposes a unifying picture of both phenomena.

In 1958 Anderson [20] pointed out that electron wave functions in a random potential
may be profoundly altered if the randomness is sufficiently strong. Prior to this work
the traditional viewpoint was that a random potential would cause Bloch waves to
lose phase coherence on the length scale of the mean free path `mfp but that the wave
function would remain extended. Anderson showed that in the presence of strong
enough disorder the wave function becomes localized. The result is that the envelope
of the wave function decays exponentially in space

〈ψ(0)|ψ(r)〉 ∼ e−|r−r0|/ξ , (2.32)

with ξ the localization length. Rather than varying the degree of disorder, in electronic
systems it is often easier to vary the kinetic energy (∼ k2

F) of the electron eigenstates
with respect to the disorder potential. As a function of energy, therefore, the electron
states must change their character from being localized to extended. The critical energy
at which this change occurs is called the mobility edge [63].

It is customary to treat the localization problem using renormalization group (RG) tech-
niques. In this way, one determines the conductance g = σLd−2 of a sample of dimen-
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sion d and finite length L, and finds the macroscopic conductance in the limit L → ∞
by means of the differential equation

d ln g
d ln L

= β(g) . (2.33)

Here, β(g) is called the RG β-function which determines the ‘flow’ of the parameter g
as the system size L is increased. Without a magnetic field the so-called flow diagram
as proposed by the ‘Gang of Four’ in Ref. [36] is depicted in Fig. 2.5 (bottom-left). It
shows that for large conductances, g À 1, the electron states are only weakly perturbed
by disorder and Ohm’s law is valid. Hence, β(g) = d − 2. On the other hand, small
conductances, g ¿ 1, lead to localized states with an exponential decrease of g upon
an increase of L,

g = g0e−L/ξ . (2.34)

One also notices that there is a strong dimensional dependence of the conductance on
the disorder, as expected. For one-dimensional systems (d=1), β < 0 for all g(L), and
therefore all one-dimensional systems are insulating in the macroscopic limit L → ∞
(T → 0). Three dimensional systems (d=3) follow Ohm’s law only if the initial conduc-
tance lies above a certain critical conductance g > g∗. Three-dimensional systems with
disorder such that g < g∗ also flow to an insulating state for L → ∞(T → 0).

The two-dimensional case is more subtle. As shown in Fig. 2.5 the β-function for d = 2
approaches 0 from below in the limit g À 1, but never changes sign. Therefore, any
infinite 2D system will be insulating due to disorder localization. However, when β = 0
the system is considered marginal, and one may obtain correction terms by treating the
disorder perturbatively. Hence,

g(L) = g0 − ∆g , (2.35)

= kF`mfp − 2
π

ln
(

L
`mfp

)
, (2.36)

with g0 = kF`mfp the classical Drude conductance (Eq. (2.23)). Thus the localization
may be considered weak for finite systems when L is not much bigger than `mfp. The
β-function, Eq. (2.33), in this 2D weak coupling limit then becomes β(g) ∝ −1/g.

2.6.1 Weak localization

The process of weak localization which gives rise to the term ∆g in Eq. (2.35) arises due
to a process called coherent backscattering. At low temperatures inelastic processes are
suppressed and residual resistance is entirely due to elastic scattering which result in
long-range correlations of the electronic wave function.
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Figure 2.5: Top: The flow diagram of sample HPW#2 as function of magnetic field. A perpendicular
magnetic field changes the localization length scale of the 2D system from logarithmic T-dependent cor-
rections (weak localization, Left) to the strongly localized quantum Hall states (Right), where the dashed
curves indicate the mean field conductance according to Eq. (2.31) and arrows indicate the flow as T → 0.
Scaling theory proposes a smooth transition between both processes.

Coherent backscattering is explained as follows. When an electron in state k is scat-
tered after n elastic scattering processes into the vicinity of a state −k, there arises an
equal probability of an electron to end up in state −k with the reversed scattering se-
quence. Hence the amplitude for both scattering processes is the same. Since the final
amplitudes A of both sequences are equal and phase coherent, the total intensity is
4|A|2. If the scattering processes were not coherent then the total scattering intensity
of the complementary sequences would be only 2|A|2. This means that the scattering
intensity into the state −k is twice larger than in the case of incoherent scattering. For
scattering processes other than backscattering, there is only an incoherent superposi-
tion of electronic wave functions.

Two effects limit the quantum interference process. An increase in temperature results
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in an increase of inelastic scattering and thereby a decrease in coherence length. A
magnetic field, on the other hand, lifts the time-reversal symmetry of the system which
then destroys the phase coherence of the two complementary scatter sequences. Sup-
pression of the weak localization due to a magnetic field is experimentally manifested
by a sharp decrease in resistance (an increase in conductivity) for small fields B > 0.

2.6.2 From weak to strong localization

In the weak localization regime, the ratio L/`mfp determines the strength of the pertur-
bative correction term ∆g in Eq. (2.35). For B > 0, outside the diffusion regime, the
relevant length scale becomes the magnetic length `B while instead of the mean free
path `mfp the disorder is characterized by the disorder correlation length λ. Therefore,
in high magnetic fields the ratio `B/λ determines the strength of the disorder.

Assuming a Gaussian correlated disorder potential [64]

〈V(r)V(r′)〉 = 〈V2
imp〉 exp

(
−|r− r′|2

λ2

)
, (2.37)

with disorder amplitude Vimp, the range of the disorder is determined as follows. If
λ À `B the disorder is considered long-ranged, while for λ . `B the disorder is short-
ranged. In the weak localization regime the perturbative correction in Eq. (2.35) applies
to systems where L > `mfp. Therefore, in order to obtain a unifying theory for localiza-
tion in zero magnetic field and in high magnetic fields one must start out with similar
disorder characteristics for both situations. Transposing the weak localization require-
ment of Eq. (2.36), L & `mfp, to the situation for high magnetic fields, we obtain `B & λ.
This explains the necessity for short-range disorder for obtaining a unified picture of
weak and strong localization.

Fig. 2.5 (bottom-right) shows the RG flow diagram in the case of an applied magnetic
field. In contrast to the B = 0 case, the applied magnetic field results in the β func-
tion consisting of two flow parameters, σxx and σxy. The flow diagram goes from the
weak coupling regime, g(L) = σ À 1, to the strong coupling regime, σxx < 1. Since
it is a monotonically decreasing function of the magnetic field B, the Hall conductance
σxy may serve as a measure of (the inverse of) B. The quantum Hall effect is indicated
by quantized plateaus for integer values of σxy together with a vanishing conductance
σxx = 0. The quantum Hall transitions are indicated by the critical points (circles) at
half-integer values of σxx and σxy. Dashed lines indicate calculated peak heights σ∗ for
SCBA calculations [52] according to Eq. (2.31) and assuming the ideal short-ranged case
of a Gaussian white noise potential (λ = 0).



THE QUANTUM HALL EFFECT: INTRODUCTION 25

2.7 Scaling in the quantum Hall regime

It was recognized early on [26] that the quantum Hall effect embodies a series of quan-
tum phase transitions (QPT). QPTs differ from normal phase transitions in the fact that
they take place at T = 0 rather than at finite temperatures. Based on RG arguments, the
scaling theory of the quantum Hall effect proposed that all quantum Hall transitions
of spin-polarized electrons belong to the same universality class of magnetic-field in-
duced metal-insulator transitions.

One can study the critical properties of a quantum phase transition by making use of
the fact that close to T = 0 the physics of the system is still controlled by the critical
point. For the quantum Hall effect, the transition between localized and extended states
depends again on the ratio of two length scales, namely the size of the system L, and
the localization length ξ which, close to the critical point B∗, scales as

ξ ∝ |B− B∗|−νθ . (2.38)

The localization length exponent νθ for a classical noninteracting percolative system
has the value ν

perc
θ = 4/3 [65]. In the semiclassical case of percolation with quantum

tunnelling [66], the exponent becomes ν
q.tunn.
θ = 1 + 4/3 = 7/3 ≈ 2.33. Due to the

presence of interactions, however, the true quantum Hall localization exponent is ex-
pected [45, 46] to lie in a different universality class with yet another value.

Following Eq. (2.38) the conductances σij are expressed as regular functions gij of L/ξ,

σij(L, B) = gij

(
[L/ξ]1/νθ

)
. (2.39)

At finite temperatures the electron wave function loses its phase coherence on length
scales smaller than L due to the many inelastic scattering processes. Therefore, the
effective system size is determined by the dephasing length `ϕ. With the dephasing rate
1/τϕ ∝ Tp and the dephasing length `ϕ ∝ √τϕ one may write

`ϕ ∝ T−p/2 , (2.40)

with p the inelastic scattering length exponent.

Incorporating `ϕ in Eq. (2.39), we obtain [26]

σij(T, B) = gij

([
`ϕ

ξ

]1/νθ
)

= gij
(
T−κ(B− B∗)

)
. (2.41)

with κ = p
2νθ

. In the RG approach, one often defines a scaling variable X as a function
of which all scalable data must collapse. For the quantum Hall transitions X is defined
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Figure 2.6: Schematic representation of the scaling behavior. The width of the extended states, and
thereby the shape of the resistance parameters ρij, is determined by the ratio `ϕ(T)/ξ.

as

X =
(

`ϕ(T)
ξ(B)

)1/νθ

=
(

T0

T

)κ

(ν− ν∗) =
∆ν

ν0(T)
. (2.42)

with ∆ν ≡ ν− ν∗ the distance from the critical point, and ν0(T) ≡ (T/T0)κ. Whether
a system belongs to the same universality class depends on the existence of a universal
value of νθ . Assuming that inelastic scattering processes are independent of B so that p
remains constant, then a universal value for κ for the various quantum Hall transitions
within the 2DEG, independent of sample microscopics, should also be expected.

2.7.1 Experimental studies on quantum Hall scaling

Pioneering experiments on quantum Hall critical behavior were carried out by Wei et
al. [14, 37]. They showed a scaling behavior in the T-dependence of the resistivities of
several PP transitions (k = 1, 2, 3) according to

ρxx : (∆B)−1 ∝ T−κ , (2.43)

ρxy :
(

∂ρxy

∂B

)

MAX
∝ T−κ , (2.44)

where (∆B) is the width of the ρxx peak (Fig. 2.7). The value of κ was determined by
Wei et al. to be κ = 0.42± 0.05, which coincides with νθ = 7/3 [66] if one takes p = 2.
Fig. 2.7 shows the general T-dependence of the resistivity curves as well as power-law
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HPW#59 Wei et al. [14] found universal scaling exponents for three different quantum Hall transitions
(from Ref. [14]).

plots obtained by Wei et al. in Ref. [14].

Initial scaling reports on GaAs-based samples gave results which conflicted with those
initial measurements of Wei et al. An important problem lay in the correct identifica-
tion of the critical regime, i.e. the temperature regime in which scaling takes place. For
a long time [16,67] a mere observation of the value κ ≈ 0.42 along with a simultaneous
decrease in peak maxima σ∗ with decreasing T was used as the primary phenomeno-
logical characteristics of the scaling regime. It will be shown in Chapters 5 – 7 of this
work that these observations are, in fact, inhomogeneity effects and that true scaling
also requires the presence of certain symmetry conditions.

Hence it was reported by Wei et al. [67] that one low-mobility GaAs/AlGaAs sam-
ple showed scaling behavior with κ = 0.42 over a limited temperature range T =
40− 300 mK. At the same time, Koch et al. [68] also measured the temperature depen-
dence of transitions in GaAs/AlGaAs samples and found κ to vary between 0.2 and
0.9. Since κ = p/2νθ , it was concluded that the value of νθ is universal (as it should
be), but p not. Instead, p was thought to depend on sample specifications and Landau
level index. Koch et al. [69, 70] also measured the size dependence of the quantum Hall
transitions using Hall bars of different sizes ranging from 10 µm to 64 µm. They also
found a power-law behavior with νθ ≈ 2.3, although only four different sample sizes
were measured.
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In order to obtain the value of p, current scaling experiments were performed by Wei et
al. [71]. The experiment concluded that indeed p = 2, implying a localization length ex-
ponent νθ = 2.3 from the experimental value κ = 0.42. Recently, the field of scaling in
quantum Hall transitions received a new impetus by the work of Hohls et al. [17,18,72].
By examining frequency and temperature scaling behavior of the hopping regime in
the Landau level tails using circular Corbino geometries, Hohls et al. claimed to be able
to probe the localization length directly. The obtained results confirmed once again the
‘classical’ value of νθ = 2.3 for the various transitions.

Despite the overwhelming evidence pointing to the suitability of the semiclassical value
νθ ≈ 7/3 for the quantum Hall effect transitions, one must keep in mind that for all the
above-mentioned experiments – except the ones by Wei et al. [14] – GaAs/AlGaAs sam-
ples were used. These contain an inherent long-ranged disorder potential that reduces
the critical regime to very low temperatures. Chapter 4 will discuss the various condi-
tions for the observability of scaling and argue that GaAs/AlGaAs samples are, in fact,
not the proper samples for scaling experiments.

2.8 Numerical simulation of a quantum Hall transition

In order to form a qualitative idea about what happens when the Fermi energy passes
through a Landau level, a simple numerical simulation was performed. In Fig. 2.8 (a)
we plot a simulated potential distribution Vimp(r) of 750 random Gaussian peaks (ran-
dom in amplitude, width and position) on a 100 × 100 grid. Tallying the amplitude
of Vimp(r) in the histogram Fig. 2.8 (b) we find that the potential of our ‘sample’ to be
quite symmetrically distributed around E∗ = 0 with λ ≈ 6. Fig. 2.8 (c) shows a contour
plot of Vimp with the shaded regions indicating the ‘valleys’, E < E∗, while the white
regions denote potential ‘hills’, E > E∗. The Fermi energy EF lies exactly on the contour
where the white and shaded parts meet. At the critical energy EF = E∗ the equipoten-
tial forms an infinite backbone cluster ξ∞ connecting all sides of the sample. Hence the
localization length ξ∞ ≥ L, so extended states exist. The situation is different in the
tails of the Landau level as shown in Fig. 2.8 (d). Here, the Fermi level equipotentials
form isolated clusters with ξ ¿ L, which due to their separation do not contribute to
the transport.

Fig. 2.8 (e) shows the expectation value of the electron wavefunction |ψ|2. The wave
function is defined [65] as

ψ = C(u)χ(v)e−iφ , (2.45)
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Figure 2.8: a) Potential distribution. b) Histogram of the disorder amplitude representing the disorder-
broadened Landau level. c) Contour plot at the critical point EF = E∗ = 0, distinguishing between
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with

C2(u) =
1

|∇Vimp(u, v)| v=0
, (2.46)

χn(v) = Hn

(
v
`B

)
e
−v
2`B . (2.47)

Here, Hn is Hermitian polynomial of order n (the Landau level index), and v and u
are respectively the directions perpendicular and along the equipotential contour. The
wave functions in Fig. 2.8 (e) are calculated for the lowest Landau level only. The ex-
pectation value |ψ(r)|2 is therefore inversely proportional to the steepness of the im-
purity potential at the equipotential contour. By comparing the wave function and the
pure contour lines at E∗ in Fig. 2.8 (f) it is possible to identify the saddle points (SP),
where the wave functions on the contour lines overlap, and the ‘interaction points’ (I),
where the distance between the contours is slightly larger then `B but which never-
theless affect the conducting equipotential through Coulomb interaction. Dissipation
occurs wholly at the saddle points, so their presence is essential for the existence of the
quantum Hall effect.

In the critical regime, short-ranged disorder, λ . `B, implies that the saddle point den-
sity must be higher than the interaction point density, #SP À #I. From Fig. 2.8 (e) we
find that (`B ≈ 2) < (λ ≈ 6), while from Fig. 2.8 (f) we count #SP(19) & #I(12).
We therefore conclude that our numerical sample is actually in a cross-over regime just
outside the scaling regime.

The detrimental influence of the interaction points on the critical behavior was recently
pointed out by Pruisken, Škorić and Baranov [9]. They found that a large number
of such interaction points – predominant in long-ranged disorder – results in a linear
dependence on T of ν0(T) rather than the power-law with exponent κ. This linear
dependence is due to the relaxation rate

τ−1
eq = β1T + β2T2 + · · · (2.48)

of the equilibration between the conducting and localized electrons.



3
EXPERIMENTAL DETAILS

3.1 Experimental Conditions

Quantum critical studies of the quantum Hall effect are concerned with electron trans-
port in the region of extended states of the Landau level k occurring at high magnetic
fields B. The extended state region occurs at the center of the Landau level, at half-
integer values k+ 1

2 of the filling factor ν. For the plateau-insulator (PI) transition, the
region of interest lies in the lowest Landau level, where k=0 and ν∗ ≈ 1

2 .

The characteristic length scale in experiments employing an external magnetic field is
the magnetic length `B =

√
h̄/eB = 26nm (1T/B)1/2, which is roughly equivalent to

the width of the electronic wave function in the lowest Landau level. Using Eq. (2.14)
one can estimate that for typical 2D carrier densities ne ∼ 1 - 3.5×1011 cm−2 a magnetic
field in the order of Bmax= 10 - 30 T is required in order to observe the PI transition. In
Europe, the study of the critical behavior of the PI transition therefore has to be car-
ried out at the high magnetic field facilities in Nijmegen or Grenoble where continuous
magnetic fields of up to 30 T are available.

Apart from the high magnetic field, the temperature T is another tuning parameter
essential for exploring the quantum critical regime. In fact, the temperature not only
serves as an effective cut-off parameter `ϕ ∼ T−p/2 for finite-size scaling, it also governs
the electron-electron interaction of the 2DEG as shown in Chapter 7. The observability
of the quantum Hall effect occurs at very low temperatures when the Landau level sep-
aration h̄ωc is much larger than the temperature kBT, and also greater than the disorder
broadening, Γ. Taking the Landau level width Γ = h̄/τq, and making use of Eqs. (2.9)
and (2.26)we arrive at the ratio h̄ωc/Γ = Bµq to distinguish between the classical regime
(Bµq < 1) and the quantum regime (Bµq > 1).

31
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The quantum critical regime must be probed as close as possible to T = 0. Since liqui-
fied 4He is our most important coolant, the temperatures in our measurements rarely
exceed 4.2 K, the boiling point of 4He at ambient pressure. The majority of the experi-
ments described in this work generally occur within the range 0.1− 4.2 K, comprising
1.5 order of magnitude in T. One would prefer to measure the critical behavior over
as many orders of magnitude in T as possible in order to convincingly demonstrate the
power-law behavior that characterizes the phase transition. However, difficulties in as-
sessing the temperature of the 2DEG below 0.1 K, as well as the limited range of the
observability of the scaling regime in certain samples does not provide us with a wide
experimental margin. Prior to any experimental investigations of criticality, one must
therefore ascertain that the sample meets the stringent disorder requirements which are
discussed in Chapter 4.

In this light it might seem odd that the so-called ‘universal’ concept of quantum Hall
scaling and criticality can only be experimentally verified with a limited number of
’ideal’ samples containing ’ideal’ disorder potentials. However, as we will see in the
following chapter, the specific type of disorder sets an upper limit on the finite temper-
ature extent of the critical regime which determines its observability. Above this limit,
the quantum Hall effect still takes place, but by means of semiclassical transport mech-
anisms such as percolation. These are inherently different from the quantum critical
transport and may be treated using mean-field theories.

3.2 Experimental Set-up

3.2.1 Transport measurements in a Hall bar geometry

Magneto-transport measurements on Hall bar samples are carried out using a standard
four-probe method as shown in Fig. 3.1. The experimental conditions were completely
similar to those reported previously by van Schaijk et al. [16, 73]. An AC source volt-
age of 0.01-0.5 V from the lock-in amplifier oscillator (EG&G 7265) was put through a
resistor of Rimp = 100 MΩ in order to obtain currents of 1-50 nA. A low current was
necessary to prevent heating of the 2DEG. By measuring a certain longitudinal dissipa-
tion peak Rxx at low fields and constant T for several current settings, and by observing
a lack of broadening of the peak as the current was reduced, we ensured that the cur-
rent heating effects remained negligible for similar resistances. For the PI transition,
where the dissipation Rxx exhibits an exponential increase with increasing B, the com-
plete curves were re-measured for different current settings wherever necessary.



EXPERIMENTAL DETAILS 33

 
Vxx 

 A 

  EG&G7265:  
2.3 -13.6 Hz 
  0.01-0.5 V  
 100MΩ 1-50 nA 

 Rsamp< 5MΩ 
 Ccryo <0.8nF 

(L=6m) 

Vxy 

A 

B 
EG&G7265 

EG&G 
 5186 

V A B : 
A 

B 
EG&G7265 

EG&G 
 5186 

A A B : 10kΩ 

 Voltage meter  Current meter 

 Rimp 

 a)  b) 

Figure 3.1: Schematic setup for magneto-transport measurements on Hall bar samples. The volt- and
ampere meters consist of a pre-amplifier and lock-in pair of which the oscillators are mutually coupled.
When Rsamp becomes in the order of 50 MΩ unwanted capacitance effects due to mutual proximity of
the wires inside the cryostat become non-negligible.

The current was determined by measuring the voltage drop over a 10 kΩ resistor us-
ing a low-noise AC pre-amplifier (EG&G5186, 100 MΩ/20 pF input impedance) and
lock-in amplifier (EG&G 7265) which was placed in series to the sample (Fig. 3.1b). The
longitudinal voltage Vxx and Hall voltage Vxy were measured using the same type of
pre-amplifier and lock-in combination (Fig. 3.1a). The current attenuator Rimp as well
as the pre-amplifiers were put as close to the cryostat as possible in order to minimize
noise levels. The larger voltages from the pre-amps were carried over 6 meters of BNC
cables to the lock-in amplifiers which were in turn connected to the computer by a par-
allel IEEE interface. High-frequency electrical interference from the computer cabling
did not have any noticeable effect on the measurements.

The resistance traces Rxx and Rxy as a function of B were found by dividing the volt-
ages Vxx and Vxy by the measured current I. In order to obtain the resistivities from
the resistance data, one multiplies the longitudinal resistance by the geometrical factor
W/L, where W is the width of the hall bar channel, and L the length between the Vxx
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contacts,

ρxx =
W
L

Rxx , (3.1)

ρxy = Rxx . (3.2)

The frequency of the oscillator was usually put at 13.6 Hz, except when the sample
became highly resistive (Rsamp > 0.5 MΩ) and unwanted capacitance effects from the
wiring started to interfere with the measurements. In such instances the frequency was
lowered to 2.3 Hz with a proportional increase in time constant to include at least ten
voltage cycles. Prior to the experiment, the phase of the input signal from all the lock-
ins was calibrated against the phase of the current. In the analysis only data with phase
shifts less than 10% were included. Higher phase shifts, especially predominant at the
PI transitions, were an indication that the high sample resistance Rsamp caused some
of the current to remain inside the wires inside the cryostat, which, due to their mu-
tual proximity acted as a capacitance Ccryo. While single shielded wires generally have
Cld ≈ 50 pF/m, the total capacitance of the various cryostats was in the order of 500-
800 pF, indicating, moreover, that besides the wiring the cryostats themselves acted as
a grounded capacitor. Since this was the largest obstacle for the PI experiments, great
care was taken to minimize any capacitance effects. Furthermore, prior to any mea-
surements the noise level and the possible presence of higher harmonics, indicative of
non-linear effects, were carefully checked to ensure they were minimized.

3.2.2 Corbino disk measurements

The experiments on the variable range hopping (VRH) regime in the Landau level tails
(Chapter 9) were performed on Corbino disks rather than Hall bars. The advantage of
using Corbino disks is that the conductivity σxx is directly measured, rather than ob-
tained from inversion of the resistivity tensor. The disadvantage, however, is that the
critical flow diagram (Fig. 2.5) cannot be constructed since only a single conductivity
coefficient is measured. Moreover, it is difficult to obtain a sense of the macroscopic
inhomogeneity levels using Corbino disks. By not being able to verify the accuracy of
the measurement with a simultaneously measured different transport coefficient one
runs the risk of overlooking inhomogeneity effects altogether.

The Corbino setup shown in Fig. 3.2 is similar to the one employed by Hohls et al.
[18,74]. The DC voltage was provided by a Keithley source meter (K2400) which could
produce voltage steps of 5 µV. It was ramped from 0 to 50 mV in 100 logarithmic steps
for both voltage polarities. Additionally, the region between -0.4 and +0.4 mV was mea-
sured in linear steps of 5 µV in order to get more datapoints in the low-voltage (Ohmic)
regime. The presence of a small thermo-voltage due to a thermal gradient in the wiring
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Figure 3.2: Schematic setup for the Corbino disk measurements. V − I characteristics were measured
as function of B, T by ramping the voltage of a Keithley K2400 source meter. The Femto DCLPA-200
low-noise current amplifier enabled current measurements down to the pA regime. In several instances
the voltage divider (50×) was used.

resulted in a slight discrepancy between the source voltage as measured by K2400 and
the voltage measured independently by a K2000 Keithley digital multimeter. For the
data analysis, the K2000 reading was used. For testing purposes and in order to further
minimize the voltage steps a voltage divider (50×) consisting of two high-accuracy re-
sistances (10 kΩ, 200 Ω) was employed in some instances.

The current was measured by a low-noise current amplifier (Femto DLCPA 200) con-
nected to a Keithley K199 digital multimeter. In low-noise mode, the current could be
amplified by a factor 103 to 109, enabling current measurements down to several pA.
The amplification factor was changed automatically whenever K199 measured a cer-
tain threshold value. The computer program written specifically for carrying out these
measurements further enabled a fully automated sweep of temperature, magnetic field
and voltage source.

3.2.3 Cryogenics and thermometry

For the transport measurements various cryostats were employed. For general charac-
terization of samples, a home-built 3He system with an 8 T superconducting magnet
(Thor Cryogenics) was used, enabling temperatures down to 0.3 K. Accurate transport
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measurements on PP transitions were carried out with a 3He - 4He dilution refrigera-
tor (Oxford 200S) containing a 9 T superconducting magnet. Temperatures as low as
15 mK could be reached with this set-up. However, for T < 100 mK it becomes more
and more difficult to keep the 2DEG in thermal equilibrium with the surroundings be-
cause of poor phonon-electron coupling in 2DEG systems. This is often witnessed by
an apparent saturation of transport parameters below this temperature. For magnetic
fields in the order of 20 T which are required for the study of the PI transitions, experi-
ments were performed at the high magnetic field facilities in Nijmegen and Grenoble.

The low-field (B ≤ 9 T) measurements were carried out at the Van der Waals – Zeeman
Institute of the University of Amsterdam. The superconducting magnets enabled slow
sweeps in magnetic field ensuring a minimal amount of sample heating due to eddy
currents inside the copper sample holder. Eddy currents are caused by a variation of
the magnetic field in time and by vibrations of conducting parts in the magnetic field.
The sample was located in the center of the field, on a gold-plated cold finger several
cm away from the mixing chamber.

The high-field sweeps in Nijmegen and Grenoble were carried out at much faster speeds.
Because magnetic field fluctuations are much larger in water-cooled Bitter magnets,
special care has to be taken to overcome eddy current heating. In Nijmegen this was
done by employing a home-built plastic dilution refrigerator [75, 76] of which the mix-
ing chamber and heat exchanger near the field were made from HYSOL epoxy and
kapton polyimide films. Measurements taken at the high field facility in Grenoble were
taken in a custom-made Kelvinox dilution refrigerator (Oxford Instruments) with the
sample itself placed inside the mixing chamber so that optimal cooling was ensured.

In Nijmegen the sample was placed outside the mixing chamber. To provide for good
thermal contact with the mixing chamber, the sample was placed on a small brass plate
with Apiezon grease N which was then soldered to a brass support piece contained in
the (plastic) sample holder. The brass support piece was thermally anchored by strips
of silver foil which were soldered onto it using non-superconducting solder. On the
other side the strips entered the mixing chamber via a feedthrough where they were
surrounded by sinters of pressed silver powder. The wiring to the sample was done
using twisted pairs of 100 µm thick manganin wires.

The temperature was measured using a Dale RuO2 film resistor mounted close to the
sample and calibrated in the range 0.05 - 1.2 K. Unfortunately, RuO2 films are also
susceptible to magnetoresistance which results in a slight deviation of the measured
temperature from the real temperature for B > 0. Because this could lead to systematic
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errors for very low T and high B (the PI regime), it is important to correct for this sys-
tematic error. For the 9 T superconducting magnet the temperature was regulated using
a thermometer which was kept next to the mixing chamber in a field-compensated re-
gion with maximum fields of B ≤ 20 mT. For the high-field measurements in Nijmegen
(B ≤ 20 T) the temperature was first regulated at low fields (B < 2 T) and kept con-
stant during the high-field sweep by feeding constant power to a strain gauge that was
mounted on the sample holder.

In Grenoble, an additional RuO2 thermometer which had previously been carefully cal-
ibrated in the 9 T dilution refrigerator was placed close to the sample. It was used to
monitor the variation in temperature as function of the magnetic field due to the mag-
netoresistance of the thermometer acting as a temperature controller. While the actual
deviation in temperature at high fields from the B=0 value could be quite large (in the
order of 10%), it was found that the relative deviation depended only on the magnetic
field itself and was more or less constant for the whole temperature range [27], thereby
not affecting the experimental value of the critical exponent κ.

3.2.4 The magnetic field

The high magnetic field facilities in Nijmegen and Grenoble (France) provide contin-
uous magnetic fields in the order of 20-25 T. In Fig. 3.3 a schematic drawing is given
of the 20 T, 32 mm room temperature bore duplex Bitter magnet of the Nijmegen High
Field facility which was employed in the experiments described in Chapter 6. Since
the continuous high field magnets are made from resistive materials (typically copper)
which require a very efficient cooling system, such measurements use a lot of energy. A
typical measurement in the 10-20 T regime lasting about eight hours could use up about
15 MWh of electricity, which is why these experiments usually take place at night when
consumer energy consumption is minimal.

3.2.5 Data acquisition

The various lock-in amplifiers (EG&G 7265) as well as the magnetic field monitor (Keith-
ley 199/2000) and other optional devices were connected to the computer by parallel
IEEE interface. The measurement and regulation of the temperature was done with
an ORPX resistance siemens meter (Barras Provence) and was connected via an opto-
coupling device (ADAM-4520) by RS-232 to the serial port of the computer. In princi-
ple, it was possible to connect all instruments via RS-232 using opto-couplers, but the
IEEE interface proved to be faster, more reliable, and with negligible effects on the noise
levels. IEEE interfacing also allowed for an easy expansion of the setup to a number
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 Figure 3.3: The 20 T duplex Bitter magnet at the High Field Magnet Laboratory in Nijmegen. The
current runs through stacked copper plates which are interspersed with thin insulating material. Cooling
water is pumped through the magnet at high pressures that depend on the amount of dissipation produced
by the current. The magnet consists of two independent concentric coils. (Reproduced with permission
from HFML, Nijmegen)

of optional devices such as an AC linear resistance bridge (LR-700), a current/voltage
source meter (Keithley 2400) or even the superconducting magnet current supply (Ox-
ford Instruments IP 10). The external magnetic field, however, was usually controlled
manually while the output voltage of the superconducting coil power supply was mon-
itored by a digital voltmeter (Keithley 199/2000). Apart from a magnet-dependent con-
version factor, the output voltage functioned as a direct measure for B. In some cases
the power supply of the 9 T superconducting magnet was controlled by computer via
RS-232.

The data acquisition software, as well as the software controlling the various devices
during the experiment, was especially written for this purpose using Microsoft Visual
Basic 5.0. For the Hall bar measurements a program called “Cryoscientist” [27] was
developed and enabled the monitoring of a various number of measuring devices as a
function of an external voltage (magnetic field) or time. Data analysis was mostly done
with Microcal Origin 5.0 while the various calculations and numerical simulations were
performed under Matlab 6.0 (The MathWorks, Inc.) and Mathematica 5.0 (Wolfram Re-
search).
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3.3 Semiconductor heterostructures

3.3.1 Epitaxial growth techniques

The basic technique for the preparation of semiconductor structures is by epitaxial
growth, which is defined as the oriented overgrowth of one ordered mono-crystalline
material (epitaxial layer) upon the surface of another (substrate) [77]. The earliest type
of epitaxial growth was done using the technique of LPE (liquid phase epitaxy), which
employs a carrier liquid to carry the molecules to the substrate. The growth of multiple
layer structures is not impossible this way, but rather difficult. Moreover, the abrupt-
ness of the interface and thickness uniformity are rather poor.

An alternative technique for growing semiconductor structures is MOCVD (metal -
organic chemical vapor deposition). Here, a carrier gas (normally H2) transports the
molecules required for the growth of the epitaxial layer to the surface of the substrate.
The molecules are then thermally decomposed at or close to the surface of the substrate.
The gas composition inside the reactor tube can be changed abruptly and with a high
accuracy by purging [78]. This allows for the preparation of multiple layer structures
with much better defined interfaces than LPE.

In the late 1960’s radical improvements in ultra-high vacuum technology gave a great
impulse to the development of solid surface physics. MBE (molecular beam epitaxy),
one such development, can best be described as highly controlled ultra-high vacuum
evaporation/decomposition process. The vacuum chamber contains several furnaces
and a heated substrate on which epitaxial layers are grown. The evaporation from each
furnace is directed towards the substrate and the flux of atoms reach the substrate with-
out being scattered since the mean free path of the species is larger than the distance
from source to substrate. The rate of evaporation of the source materials is determined
by the temperature of the furnaces. The composition and doping (e.g. Si and Be, for n-
and p-type doping respectively) are controlled by opening and closing of the shutters
in front of each furnace, enabling material transitions on monolayer scale.

Compared to MOCVD, the advantage of MBE is the fact that one can grow very clean
materials with respect to background impurities as well as the fact that the ultra-high
vacuum conditions enable in situ monitoring of the growth process. However, MBE
is restricted in its flexibility in growing different alloys as not all elements give rise to
molecular beams which have sufficient vapor pressure and not all molecules generated
by evaporation exhibit high efficiencies with respect to incorporation in the crystal lat-
tice [77]. To overcome this, a new technique called CBE (chemical beam epitaxy) was
developed in the 1980’s which combined the material flexibility of MOCVD and the
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ultra-high vacuum environment of MBE. A good overview and comparison of the var-
ious epitaxial growth techniques is given in Refs. [77] and [78] and references therein.

3.3.2 The sample HPW#2

While a number of samples have been investigated in the course of our research (See
Table 3.1), the work presented in this thesis will mainly deal with the results obtained
from sample HPW#2 which is an In0.53Ga0.47As/InP heterojunction. For comparison,
similar results obtained by us on different samples will also be mentioned throughout
this work.

Sample HPW#2 was grown using MOCVD. An article by Razeghi et al. [79] describes
the growth of similar InGaAs/InP heterostructures by low pressure (LP-) MOCVD
methods of which the transport characteristics such as density and transport mobil-
ity closely fit the characteristics of our sample. Sample HPW#2 has previously been
subject to a number of investigations on the critical behavior of both the PP and PI tran-
sitions [16,73,80]. The combination of a low mobility and a suitable electron density for
low- as well as high-field experiments has made it one of the most studied samples for
quantum Hall criticality investigations, and furthermore, it is extremely well-suited to
the magnetic-field and temperature ranges obtainable with our equipment. Moreover,
the disorder seems to be suitably short-ranged to allow for an extended observable
critical regime. The specific details of the disorder and its suitability for scaling experi-
ments are treated extensively in Chapter 4.

We may roughly typify the structure of sample HPW#2 [79] (and sample HPW#59 [14,
81]) as an undoped In0.53Ga0.47As layer (with background doping level of ∼ 0.4− 2×
1015 cm−3) which is grown on top of a layer of nominally undoped InP with an elec-
tron concentration between 6× 1014 and 3× 1016 cm−3 on top of a substrate of semi-
insulating (Fe-doped) InP. The 2DEG forms inside the InGaAs layer, close to the inter-
face. A schematic drawing is shown in Fig. 2.1.

One of the drawbacks of sample HPW#2 is its rather crude Hall bar pattern (See Fig. 3.4),
resulting in an error bar for the geometrical factor W/L of nearly 10%. The channel
width measures W = 650± 20 µm, while the distance between the longitudinal con-
tacts was L = 1070 ± 30 µm, resulting in W/L ≈ 0.61 ± 0.04. However, as shown
in Chapter 5, if one takes the well-defined position of the PI transition crossing point
(fixed point) to be the theoretical value ρxx = h/e2, then one can determine the geomet-
rical factor more accurately to W/L = 0.645± 0.010.
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Figure 3.4: Sample HPW#2 (In0.53Ga0.47As/InP heterojunction) which was used in the experiment.
Contacts I1,2 are current contacts, V1−3 are the employed voltage contacts. The width of the main channel
is W = 650 ± 20µm, and the distance between contacts is L = 1070 ± 30µm. The wide contact
channels and the large size of the In contact droplets resulted in a significant contact misalignment and
an uncertainty in the geometrical factor W/L of about 10%.

The badly defined dimensions of the Hall bar pattern might at first sight seem less
than ideal. In fact, however, it proved to be very useful for the PI experiments. Wide
contact arms precluded scattering between incoming and outgoing edge channels, and
because of the relative short distances between longitudinal voltage contacts and the
wide Hall channel, the sample facilitated measurements in the insulating regime up to
about Rxx ≈ 250− 300 kΩ, which corresponds to a resistivity of about ρxx ≤ 5.5 h/e2

and a total sample resistance (between current contacts) in the order of 1 MΩ. When
the sample became even more resistive proper measurements were hampered by mu-
tual capacitance effects between the wiring and the cryostat (i.e. ground) as well as by
systematic errors due to the input resistance of the pre-amplifiers (EG&G5186). This
resulted in a diversion of the current and rendered accurate determination of the resis-
tance coefficients impossible.

3.4 Transport parameters

3.4.1 Scattering lifetimes and mobility

2DEG samples are characterized by their carrier density ne and their mobility µ. From
both parameters, many electronic properties relating to transport can be determined,
such as the Fermi energy EF, the zero-field diffusion constant D, the mean free path
`mfp, etc. as well as the critical fields B∗ where the quantum Hall transitions take place.
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To determine the scattering lifetimes and the carrier density from the data one turns to
the resistivity tensor at low magnetic fields (semiclassical limit). The density ne is most
often determined from the slope of the Hall resistance ρxy,

dρxy

dB
=

1
nee

, (3.3)

while the zero-field value of the dissipation ρ0
xx = ρxx(B = 0) is related to the transport

mobility as

ρxx =
1

eneµt
. (3.4)

The quantum mobility µq determines the width of the Landau levels, so this parameter
can only be obtained for B > 0. Using Eq. (2.29) we find µq from the inverse slope of
the logarithm of the Shubnikov - de Haas amplitudes as a function of B−1.

3.4.2 Comparison of investigated samples

In Table 3.1 we compare various InGaAs-based samples which have been investigated
in our group. Most important in this list are the HPW samples, HPW#2 and HPW#59,
since they were used by Wei et al. [14, 80] in determining the critical exponent κ ≈ 0.42
from the PP transitions. They therefore not only have historical significance, but they
are also important for the verification of Wei’s results and for extending the investiga-
tions into the PI transition, which was beyond prior experimental reach.

Since for all the samples in Table 3.1 the 2DEG is located in the InGaAs alloy, we can
compare how different growth factors may affect the transport parameters. For exam-
ple, sample C759 which is grown by chemical beam epitaxy (CBE) [77] should in terms
of layer structure and make-up be very similar to the HPW samples. As the HPW sam-
ples were grown by MOCVD [79], the main difference between both samples lies in the
quality of the interface and the background impurity density. By noting that the mobil-
ities of C759 are in the order of four times the HPW mobilities, one may conclude that
the interface (and to a lesser extend the background impurities) may play an important
role in the dominant scattering processes of the 2DEG. While interface scattering is still
short-ranged, one should nevertheless be careful in assuming that the alloy scattering
of InGaAs samples is actually the dominant scattering mechanism. Ramvall et al. [82]
found that in certain InGaAs/InP quantum wells at densities ne < 5 · 1011 cm−2 the
mobility is in fact remote-impurity limited.

An important parameter is the ratio µt/µq [48]. For all samples, this ratio lies above 1.
In fact, the ‘scaling-sample’ most often cited in the literature (HPW#59, Ref. [14]) with
critical exponent κ ≈ 0.42 has the highest value of µt/µq in this list, indicating perhaps
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a slight dominance of long-range scattering. Recent work on AlGaN/GaN heterostruc-
tures [83], however, has shown that the µt/µq ratio does not always indicate which type
of scattering mechanisms are dominant in a crystal, and attributed deviations from the
general rule to uncertainties in the incorporation of interface roughness scattering. An
other interesting aspect is the difference between quantum well (QW) structures and
single heterojunctions (HJ). The quantum wells generally have lower mobilities which
can only be attributed to more interface scattering and a higher influence of remote
impurities. While on the one hand, the µt/µq ratios are also low, favoring interface
scattering over long-ranged impurities, the fact that both quantum wells are grown by
ultra-high vacuum MBE techniques would rather discount the presence of rough inter-
faces.

InxGa1−xAs-based 2DEGs
Sample: HPW#2 HPW#59 C759 H21232 N3388
Reference: [16, 80, 84, 85] [14, 81] [86, 87] [88]

Sample param.:
x 0.53 0.53 0.53 0.53 0.2
Type: HJ HJ HJ QW QW
Donor layer: InP InP InP In.52Al.48As GaAs
Growth method: MOCVD MOCVD CBE MBE MBE

Transport param.:
m∗ (me) 0.041 0.041 0.041 0.041 0.059
ne (1011 cm−2) 2.22 3.15 3.35 1.6 1.51 - 2.02
µt (104 cm2/Vs) 1.6 3.4 7.6 1.2 1.15 - 1.87
µq (104 cm2/Vs) 0.5 0.56 2.1 0.7 0.4
µt/µq 3.2 6.1 3.6 1.7 2.8 - 4.7

Lowest Landau level:
B∗ (T) 17.23 26.2 27 10.65 10.7 - 15.67
Γ (meV) 16.6 19.3 10.1 10.5 9.7 - 11.7
h̄ωc (meV) 48.7 74.0 76.2 30.1 21.0 - 30.7
EF (meV) 12.5 18.4 19.6 9.3 6.1 - 8.2

Table 3.1: Sample and transport parameters for several investigated InxGa1−xAs-based heterostruc-
tures. The structures are either single heterojunctions (HJ) or quantum wells (QW). Sample HPW#2,
used by Hwang et al. [80] and Van Schaijk et al. [16], is similar to sample HPW#59 used by Wei et al. in
Ref. [14]. C759 was grown by CBE with a similar growth structure as the HPW samples [79]. H21232 is
a strained quantum well. N3388 allows for in-situ changes in the carrier density by illumination which
is why transport parameters for two measured densities are presented here.
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4
DISORDER CRITERIA AND

SAMPLE CHARACTERIZATION

From heuristic arguments we present several disorder criteria required for the observabil-
ity of the critical regime. We next characterize two InGaAs/InP samples at low magnetic
fields and find that not only the sample make-up, but also the specific growth method
influences the suitability of samples for scaling experiments.

4.1 Disorder criteria for quantum critical behavior

The quantum Hall effect has been shown to exist in a wide range of two-dimensional
systems, regardless of the material specifics and the type of disorder. With the inception
of the scaling theory for the quantum Hall effect [26] the transitions between the quan-
tum Hall plateaus are considered as a series of quantum phase transitions (QPT) with
associated universal critical behavior. For a limited finite temperature range, called the
quantum critical regime, the physics is still governed by the quantum critical point at
T = 0. Despite the general acceptance of the applicability of the QPT framework to the
quantum Hall effect, most quantum Hall experiments take place at temperatures that
may merely overlap with, or even lie outside the quantum critical regime. The domi-
nant factor which determines the finite T-extend of the quantum critical regime is the
disorder. In general, the ‘dirtier’ the sample, the larger the critical regime.

An important reason for the various claims on the value of the critical exponent [14,16,
68] (or even lack of scaling [89, 90]) lies in the indiscriminate use of low-mobility sam-
ples. While a low transport mobility µt typically indicates a high amount of disorder,
that in itself may not be enough. As illustrated in Sec. 2.8 it is, in fact, the type (or rather,
the range) of disorder that determines the density of the saddlepoints in the impurity
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potential. It is these saddlepoints that act as elastic scattering centers, thereby forming
the nodes at which the electronic wavefunctions tunnel to neighboring localized elec-
trons enabling the existence of extended states.

On a microscopic level, a high saddlepoint density leads to a large bandwidth W0 of
‘quantum critical’ extended states around ν∗, i.e. those extended states in which the con-
ductivity is realized solely through quantum tunnelling processes. Assuming quadratic
disorder potentials, the extended bandwidth W0 may be approximated by [9]

W0 ≈
(

`B

λ

)2

Γ , (4.1)

where Γ is the disorder-broadened Landau level width and λ the disorder correlation
length. When the saddlepoint density is low (λ À `B), transport in the extended states
regime occurs predominately by means of semiclassical percolation (Fig. 2.8). In such
cases interactions between the various neighboring equipotential clusters affect the crit-
ical behavior of the whole system giving rise to non-universality [9]. Critical behavior
of the classical percolation problem is therefore not of the same type as the quantum
Hall critical point at T = 0. Thus, despite quantum Hall scaling being a ‘universal’
phenomenon, our experimental limitations force us to carefully select the type of sam-
ple on which we perform our experiments. In this chapter we shall explore and verify
the criteria the sample has to meet in order to be successfully used for scaling experi-
ments.

4.1.1 High disorder

An essential ingredient for the observation of scaling is the presence of a high amount
of disorder. High disorder causes multiple scattering of the electron wavefunction lead-
ing to an increase in localized states. The general condition for strong (i.e. Anderson)
localization is that the product kF`mfp ≤ 1. In the presence of a magnetic field, however,
both the Fermi wavevector kF and the mean free path `mfp lose their meaning as they
are defined for diffusive transport. Instead of `mfp the relevant length scale is given by
the magnetic length `B. Highly disordered samples require at least one elastic scatter-
ing center per area π`2

B.

The amount of disorder is directly related to the width Γ of the Landau level. For short-
ranged scatterers, this width was calculated by Ando [52, 91] using the self-consistent
Born approximation (SCBA)

ΓSCBA =
eh̄
m∗

√
B
µq

, (4.2)
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with B = B∗ the magnetic field at the center of the Landau level, and µq the quantum
mobility. One can identify a temperature T0 = Γ/kB which is the temperature scale at
which, under ideal circumstances and neglecting Fermi-Dirac broadening effects, the
whole Landau level consists of extended states. In reality, however, only a fraction
W0 = (T1/T0)−κ of the Landau band actually exhibits critical behavior, so that T1 is
defined as the critical crossover temperature.

In real samples thermal broadening produced by the Fermi-Dirac distribution func-
tion does interfere with the observation of the extended states. At low temperatures,
when localization dominates, the band of extended states near the center of the Lan-
dau level is significantly narrower than the Landau level itself but still wider than the
Fermi function (−∂ f /∂E). As the temperature increases, the Fermi function broadens
and eventually becomes wider than the band of extended states. Transport is then de-
termined as much by the energy dependence of the Fermi function as by the underlying
localization process. For a conductivity with an energy dependence given by σ(E), the
temperature variation associated with thermal broadening is given by

σ(T) =
∫

σ(E)
(
− ∂ f

∂E

)
dE . (4.3)

The effects of thermal broadening on the width of the extended states band W0 have
been qualitatively understood since Wei et al. [14], while explicit derivations of ν0(T)
and σ∗(T) were recently given by Coleridge and Zawadzki [92].

4.1.2 Long-range versus short-range disorder

In critical phenomena dealing with disorder, understanding the type of disorder is of
fundamental importance in understanding the system’s behavior. As shown in Eq. (2.37),
one may characterize the disorder by two parameters: 1) the averaged disorder ampli-
tude Vimp, and 2) the disorder correlation length λ. SCBA calculations [52] assume the
ideal case of a white noise potential, λ = 0.

Naturally, real samples contain some spatial correlation in the disorder (λ > 0) due to
the presence of both short- and long-ranged scatterers. The question whether one is
able to observe scaling or not then depends on the relative amplitude of both types of
disorder. If the short-ranged potential is more dominant, the wavefunction expectation
value |ψ|2 will be nonzero in most parts of the sample at the critical point, so that scaling
becomes observable. On the other hand, if long-ranged impurities are more dominant,
then the transport in the sample is more likely to occur via semiclassical mechanisms
such as percolation. The numerical simulation carried out in Sec. 2.8 offers a straight-
forward explanation for the necessity of short-range scattering.



48 CHAPTER 4

Mean-field SCBA calculations by Ando et al. [52], Eq. (2.31), predict a linear increase in
maximum peak height of the longitudinal conductivity σn,∗

xx as function of Landau level
index n. In the other extreme, Dykhne and Ruzin [56, 93] find from phenomenological
grounds that long-ranged disorder leads to a so-called semicircle relationship between
the conductivity tensor components, whereby σ∗xx = 1

2 independent of Landau level or
length scale.

In the scaling theory for the quantum Hall effect, one enters the critical regime at con-
ductances given by Eq. (2.31), while the critical point in the limit T → 0 is located at
(σ∗,k

xy , σ∗,k
xx ) = (k + 1

2 , 1
2 ). It is a confusing coincidence that this critical point for short-

range disorder is the same as the semiclassical result for percolating samples.

Scattering mechanisms

In order to understand the dominant range of the disorder, we must look at the specific
scattering mechanisms. Scattering processes occurring in 2D electronic systems depend
very much on the sample structure, specific growth materials and temperature regime.
The total scattering lifetime (mobility) due to all the scattering processes is calculated
using Matthiesen’s Rule [47] for independent scattering mechanisms

1
τ
≥ ∑

i

1
τi

. (4.4)

The scattering probabilities for various processes have been calculated by several au-
thors in detail [94–96]. Neglecting localization and many-particle effects (Born approx-
imation) the transport scattering time for different forms of scatterers is found by the
general form [47]

1
τi

= nimp
2D

m∗

2πh̄3k3
F

∫ 2kF

0
|Vi(q)|2 q2dq√

1−
(

q
2kF

)2
, (4.5)

where nimp
2D is the areal density of scatterers and V(q) = V0(q)Fnm(q), where V0(q) =

〈k′|V(r)|k〉/ε(q) is the screened matrix element for a perfect 2DEG and Fnm is a form
factor taking the finite extent of the realistic 2DEG along the z-direction into account.

At temperatures of above 100 K optical phonons dominate the electron scattering pro-
cess, affecting the scattering lifetimes as τ−1 ∝ T4. At intermediate temperatures
(20 K< T < 80 K) acoustic phonon scattering via the deformation potential coupling
(τ−1 ∝ T4) and piezoelectric coupling (τ−1 ∝ T2) are dominant. For temperatures
T < 20 K the mobility remains more or less constant, indicating that the T-dependent
phonon scattering is overtaken by other T-independent scattering processes. The most
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important of these are ionized impurities, interface scattering and alloy scattering. The
ionized impurities are present as charged acceptors and ionized donors either inside
the 2DEG layer (called background impurities) or outside the 2DEG (called remote ionized
impurities). The effect of the remote impurities can be strong since, unlike the back-
ground impurities, it is less affected by screening of the 2DEG.

Alloy scattering occurs when the 2DEG is contained in ternary random alloys such
as AlxGa1−xAs or InxGa1−xAs. Electrons will scatter due to the size difference between
the randomly located Al, Ga and In atoms. In GaAs/AlGaAs structures alloy scattering
only plays a role for the small part of the electron wavefunction that penetrates inside
the AlGaAs barrier. Interface scattering is strongest for structures with weakly defined
interfaces, such as Si-MOSFETs and InGaAs/InP heterostructures grown by LPE, and
to a lesser extend MOCVD. For structures grown under ultra-high vacuum conditions,
such as MBE and CBE, interface scattering is negligible.

Certain 2DEGS also suffer from charged dislocation scattering. Dislocations occur in
strained heterostructures that have different lattice parameters on either side of the in-
terface. For InxGa1−xAs/InP heterostructures, dislocations occur for x ≥ 0.77 [97].
They generally propagate upward or sideways (depending on the crystal orientation)
and due to their cylindrical geometry they have a strong remote-impurity nature result-
ing in a preference for small-angle scattering [98]. On account of their dangling bonds,
they are charged impurities (acceptors) which may result in T-dependent carrier insta-
bility and negative persistent photoconductivity (NPPC).

In the temperature regime of T < 10 K, the scattering occurs mainly due to T-independent
processes. The dominant range of the scattering can be determined by the ratio τt/τq.
In systems where the scattering is mostly small-angle (i.e. long-ranged disorder), the
transport to single-particle lifetime ratio is generally thought to be large, τt/τq = µt/µq À
1 [48]. Conversely, in systems with isotropic scattering (i.e. predominantly short-ranged
disorder) τt/τq = µt/µq ≈ 1. The classification of the various scattering mechanisms
present at low temperatures are given in Table 4.1.

Short-ranged disorder Long-ranged disorder
• alloy disorder (AL) • remote ionized impurities (RI)
• interface roughness (IFR) • background impurities (BI)
• acoustic phonons (PH) • charged dislocations (DIS)

Table 4.1: Scattering processes at low temperatures (T < 10 K). Abbreviations refer to mobility
calculations in Fig. 4.3.
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4.1.3 Lowest Landau level

According to Fig. 2.5 (bottom-right) the starting point for scaling σ0
xx for short-ranged

disorder is given by the dashed lines with maxima σn,∗ at half-integer values of σxy. The
value for σn,∗ is given by Eq. (2.31), resulting in σ0

xx = 1
π for the lowest Landau level

(n=0). In the asymptotic limit T → 0, the critical point is found at σ∗ = 1
2 , irrespective

of the Landau level index n.

For spin-polarized electrons the following generic expression (cf. Eq. (2.35)) exists for
σxx in the regime of weak quantum interference due to short-ranged disorder [13, 46]

σxx = σ0
xx + ∆σL ,

= σ0
xx +

1
π

ln
T
Tf

. (4.6)

Here, ∆σL is the correction term due to localization (L) and is given in units e2/h. The
temperature Tf = σ0

xx/16πzkB, where z is the singlet interaction amplitude, is the typ-
ical T-scale for weak quantum interference processes [9]. We may rewrite Eq. (4.6) as
follows

σxx =
1
π

ln
T

Tf e−πσ0
xx

. (4.7)

Taking T1 as the characteristic scale for the observability of quantum criticality we ob-
tain from Eqs. (2.31) and (4.7) for the lowest Landau level

T1 = Tf e−π(σ0
xx− 1

2 ) , (4.8)

indicating that T1 vanishes exponentially as σ0
xx − 1

2 increases. For the lowest Landau
level we compute numerically that Tn=0

1 ≈ 1.76Tf while for the next Landau level this
becomes Tn=1

1 ≈ 0.24Tf . Since the higher Landau levels have have their starting points
for scaling at σ∗xx = 3

π , 5
π , . . . their critical regimes T ≤ T1 are likely to fall outside the

experimentally accessible temperature regime. As a result, information on the quantum
Hall critical point can only be extracted from the PI (n = 0 ↑) and the lowest PP transi-
tion (n = 0 ↓). With the present high magnetic field limit of BMAX ≈ 30 T, this implies
that only samples with densities ne . 3.2 · 1011 cm−2 can be studied. A practical lower
limit of ne & 1.0 · 1011 cm−2 is usually maintained in order to obtain fully separated
lowest Landau levels that are completely spin-polarized.

4.1.4 Macroscopic inhomogeneities and sample geometry

Another important factor limiting the observability of critical behavior is the presence
of macroscopic inhomogeneities. Such inhomogeneities, e.g. non-isotropic distribution



DISORDER CRITERIA AND SAMPLE CHARACTERIZATION 51

of electrons, may arise due to the specific cooling procedure, and are more likely to oc-
cur in highly disordered samples. When the sample is cooled from room temperature to
below ∼100 K the disorder freezes and retains its particular configuration down to 5 K.
If the cooling process occurs very rapidly, the sample may experience slight gradients
in temperature and/or carrier distribution which are unable to equilibrate. Samples
with high disorder require a longer time to homogenize the electron distribution and
are therefore more likely to contain macroscopic density inhomogeneities than high-
mobility samples. In the analysis of the data, one must therefore replace the isotropic
density ne by a local density ne 7→ ne(x, y) that can be approximated by a power series

ne(x, y) = n0
e + nxx + nyy +O(x2, y2) . (4.9)

In quantum Hall experiments, density gradients can be identified by the T-dependence
of the ρxx peak, a shifted ρxy slope for different pairs of contacts, and reflection symme-
try [19]. Eq. (4.9) forms the basis of a whole new approach to the analysis of quantum
Hall data, which will be the main subject of Chapter 5. These macroscopic density in-
homogeneities can to some extent be corrected for in-situ by illumination of the sample.
However, illumination generally also increases the total electron density, with the risk
of pushing the transitions under investigation beyond the experimentally accessible
magnetic field regime.
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Figure 4.1: Low magnetic field resistivity curves for samples HPW#2 and C759. Despite the similar
growth structure, the transport behavior is quite different. HPW#2 shows weak localization, while C759
displays weak anti-localization.

4.2 Characterization of InGaAs/InP heterojunctions

In selecting suitable samples for quantum Hall scaling experiments, the sample must
fulfill all the conditions discussed in the previous section. Table 3.1 shows a list of
samples used in this work. Since the range of the disorder is the primary require-
ment for an extensive critical regime, we decided to extensively characterize only two
samples, HPW#2 and C759 with comparable µt/µq ratios. Both samples have a similar
growth structure (see Fig. 2.1) since C759 was modelled after the successful scaling sam-
ples [14, 37, 80, 99] produced by Razeghi et al. [79]. The important difference between
both samples is that C759 was recently grown by CBE [77] at the Technical University of
Eindhoven while HPW#2 was grown by low-pressure MOCVD [79] in the mid-1980’s.

4.2.1 General transport properties

From Tables 3.1 and 4.2 it is apparent that despite their supposed similarity both sam-
ples C759 and HPW#2 exhibit profoundly different transport behavior. First of all, both
transport and quantum mobilities of C759 are a factor four higher than for HPW#2
which naturally leads one to question whether this difference in mobility also reflects
a difference in dominant scattering mechanism. Next, the question arises which spe-
cific sample properties can then be tuned in the growth process in order to maximize
the short-range scattering processes and obtain an ideal sample for scaling experiments.
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An interesting starting point is the length scales of both samples. The thermal length
`T =

√
h̄D/kBT is the length scale after which electrons lose their coherence due to

thermal dephasing. It can function as a cut-off length scale for interference processes.
At 4.2 K, sample HPW#2 is still in the diffusive regime while sample C759 is quasi-
ballistic since `T > `mfp. Both lengths coincide at T ≈ 2.15 K.

kF qTF τel D `mfp `†
T kF`mfp

Sample: (106 cm−1) (106 cm−1) ps (cm2/s) nm nm
HPW#2 1.17 1.124 0.38 207 124.4 194.2 14.7
C759 1.45 1.124 1.77 1486 725 519 105

Table 4.2: Comparison of transport parameters for samples HPW#2 (MOCVD) and C759 (CBE) with
comparable structure and µt/µq ratio in the diffusion limit (cf. Table 3.1).
† T = 4.2 K

Strong negative magnetoresistance

As shown in Fig. 4.1, sample HPW#2 displays a sharp decrease in resistance as the
weak localization is lifted in the presence of a magnetic field. However, this effect is
not present in C759. Instead, C759 displays a small weak anti-localization peak (insert)
that indicate the presence of spin-orbit coupling effects [100]. The anti-localization phe-
nomenon was not studied in detail and will not be discussed here.

The region between the weak localization regime and the onset of the Shubnikov - de
Haas oscillations also displays a strong negative magnetoresistance for HPW#2, but not
for sample C759. A similar effect was observed by Ramvall et al. [82] in a high-mobility
In0.75Ga0.25As/InP quantum well. It was attributed to the presence of a strong periodic
modulation potential close to the 2DEG [101]. According to Ramvall et al. such poten-
tials arise from dislocations near the interface. These are generally caused by crystal
strain when the lattice constants on both sides of the interface are not the same. How-
ever, unlike Ramvall et al. , our InxGa1−xAs/InP samples are lattice-matched (x = 0.57)
so that strain and resulting dislocations should not be an issue.

Dominant scattering process

In Fig. 4.2 (left) the low-field Shubnikov – de Haas oscillations of sample C759 are plot-
ted along with the calculated peak maxima for non-overlapping Gaussian Landau lev-
els, Eq. (2.30), as well as SCBA approximation for short-ranged disorder, Eq. (2.31). The
excellent correspondence between the data of sample C759 and Eq. (2.30) is reason to
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Figure 4.2: Sample C759. Left: Shubnikov - de Haas oscillation peak maxima at T = 0.4 K compared
with the general formula (dashed, Eq. (2.30)) and the SCBA prediction for short-ranged disorder (solid,
Eq. (2.31)). Right: A different σxx is obtained from Hall bar geometry (line) and Corbino geometry
samples (dashed). The Hall bar shows strong aberrations for the spin-up polarized peaks which may be
attributed to edge channel effects.

reconsider the oft-made presumption that the In.53Ga.47As alloy automatically implies
short-range scattering.

The alloy scattering rate is given by [102]

1
τAL

=
m∗Ω0(δV)2x(1− x)

∫ ∞
0 dz|ψ|4

e2h̄3 , (4.10)

where Ω0 is the volume associated with each In (Ga) atom, δV is the difference in po-
tential by replacing a Ga-atom by In, x, (1 − x) are the relative concentrations of In,
Ga, and

∫ |ψ|4 is the squared integrated probability of finding an electron. It is obvious
that x ≈ 0.5 gives the highest scattering probability. The value for δV is not very well
known, but is usually taken to be in the order of 0.5 eV [103]. The effective mass of
In.53Ga.47As is quite low, although this applies equally to all scattering mechanisms.

In order to maximize alloy scattering one would therefore need an even presence of
In and Ga atoms, and preferably a high electron density, since the latter increases |ψ|4
while at the same time contributing to the screening of (remote) charged impurities.
The Thomas-Fermi inverse screening length is given by

qTF =
m∗e2

2πεh̄2 . (4.11)
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It is only determined by the effective mass m∗ and the dielectric constant ε. Due to
the small value of m∗ = 0.041me screening is relatively weak for In.53Ga.47As with
qTF = 1.12 · 106 cm−1. For GaAs we have qTF = 2.0 · 106 cm−1, while for AlAs
qTF = 5.6 · 106 cm−1. Calculations by Ramvall et al. [82] for an In0.75Ga0.25As/InP
quantum well grown by LP-MOVPE (low pressure metalorganic vapor phase epitaxy)
show that the mobility is indeed limited by remote ionized impurity scattering for
densities ne < 5 · 1011 cm−2. Alloy scattering only becomes important for densities
ne > 5 · 1011 cm−2. While quantum well structures are by their nature expected to
suffer more from remote impurity scattering than heterojunctions, this example does
show that the oft-made assumption that short-range scattering is the dominant scatter-
ing mechanism in all InGaAs structures is not as robust as it is generally taken to be.

Clustering and dislocations

It is known that the atoms in In.53Ga.47As are not always distributed in a completely
random manner. In fact, depending on the growth process clustering may occur [104].
This does not necessarily imply that the disorder then becomes long-ranged, since the
size of an InAs or GaAs cluster of ∼ 103 atoms is still within the range of the magnetic
length `B for B . 20 T. Hong et al. [105] found that clustering has detrimental effects
on the mobility for low temperatures with increasing cluster size. At the same time,
the presence of a large amount of clustering could lead to dislocations because of the
slightly different lattice parameters of GaAs (a0 = 5.654 Å) and InAs (a0 = 6.059 Å).
Such dislocations, which are strong small-angle scatterers [98], also affect the mobility
in a negative way when they occur in high numbers.

Samples with a large dislocation density show a T-dependent disorder and carrier in-
stability [106] due to the presence of dangling bonds that act as acceptors. They can be
identified and analyzed by X-ray studies, transmission electron microscopy (TEM), and
photoluminescence (PL).

Edge channel transport

The conductivity σxx of sample C759 was obtained by two distinct means. One method
is to use a Corbino disc and measure σxx directly. The other method involved measure-
ment of both resistivity components and converting them into conductivities by tensor
inversion. The plots of both methods are found in Fig. 4.2 (right). The two sample ge-
ometries are obtained from the same wafer. A noticeable difference is the fact that the
Corbino disc data display similar peak heights for each Landau level, irrespective of
spin polarization, while the Hall bar displays strong spin-dependent transport. Spin-
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up peaks are consistently lower in the Hall bar than the spin-down peaks, and this effect
seems to be amplified with increasing magnetic field. Accompanying the deteriorating
spin-up peak maxima in the Hall bar, the peaks also display a strong asymmetry for
higher magnetic fields.

Ramvall et al. [82] observed a similar result in high-mobility In0.75Ga0.25As/InP quan-
tum wells and attributed it to a decoupling of the bulk channel from the edge chan-
nels. This seems consistent with the fact that this effect does not appear in Corbino
geometries, since there are no edge states. When bulk and edge states decouple, the
longitudinal resistance then depends on the overlap between the wavefunctions of the
different spin-split levels [107]. The coupling between two spin-split Landau levels
with the same index is stronger than those between different indices. The spin-split
peak appearing at the lowest magnetic field will then show a higher resistance because
the scattering takes place in an edge channel belonging to the same Landau level in-
dex n as the bulk channel, i.e. the Landau level coinciding with the Fermi level. For
the peak appearing at the higher magnetic field the scattering must take place between
two Landau levels with different indices which means a larger separation and a weaker
coupling, resulting in a lower peak resistance.

The asymmetric line shape is due to the fact that when the Fermi energy under in-
creasing magnetic field changes from coinciding with the high energy states of the bulk
channel to coinciding with the low energy state, the distance between these states and
the outer edge channels increases [50]. This means that the wave functions, and thereby
the coupling efficiency decreases between the bulk channel and the edge channels.

4.2.2 Mobility calculations

In order to determine relative strengths of the different contributions to the mobility, the
mobility for an In.53Ga.53As/InP heterostructure was calculated based on the growth
conditions of sample C759. The basic structure consisted of a 500 nm thick InGaAs
layer on top of a 20 nm spacer on top of a 200 nm buffer layer of InP that was homo-
geneously Si-doped with concentration ND = 3.5 · 1016 cm−3. As confirmed by the
calculations, a higher doping level would result in a parallel conducting layer in the
InP buffer. The heterostructure was grown by CBE on top of a 350 µm thick semi-
insulating InP:Fe substrate. The background doping level for all layers was taken as
ND − NA ≈ 2 · 1015 cm−3.

Fig. 4.3 shows the calculated mobilities as function of spacer width as well as the carrier
density. The band structure and electron density were calculated by self-consistent cal-
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culations of the Schrödinger and Poisson equations using the program 1DPoisson [108,
109]. Once the electronic density ne, wavefunction ψ and bandstructure were deter-
mined, the mobilities were calculated using the general formula Eq. (4.5) and employ-
ing the various scattering matrix elements V(q) listed in Ref. [110]. Only the scattering
contributions by phonons (piezoelectric and acoustic) (PH), remote ionized impurities
(RI), background impurities (BI) and the alloy (AL) were considered. Interface rough-
ness scattering (IFR) as well as scattering due to dislocations (DIS) were left out as they
were deemed negligible for the lattice-matched CBE-grown C759.
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Figure 4.3: Top: calculated mobilities in a In0.53Ga0.47As/InP heterojunction with background doping
ND = 3.5× 1016 cm−3 as function of spacer width. Bottom: The density ne rapidly drops off beyond a
spacer width of ds ≈ 300 Å. For definitions of the scattering contributions see text and Table 4.1.

One immediately notices a sudden drop-off in electron density for spacer widths ds ≥
300 Å. The calculated density is a bit higher than the measured value, but this may be
attributed to a high initial background doping level. The total calculated mobility is
likewise a factor two higher than the measured value, with the error lying in the uncer-
tainties in the true background doping level. The value of the alloy scattering disorder
potential δV ≈ 0.3− 0.6 [82, 111].

The calculations (Fig. 4.3) show alloy scattering to be the dominant scattering mech-
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anism, provided there is a spacer layer of at least 50 Å. Due to the presence of back-
ground impurities, it is even safer to grow a spacer layer of at least 100 Å in order for
the alloy scattering to be completely dominant. Ramvall et al. [112] have suggested
that the spacer layer width in InGaAs/InP quantum wells strongly influences the ratio
τt/τq, and can therefore act as a tuning parameter between short and long-range scat-
tering. Since the carrier density is not expected to change much for widths ds < 300 Å
it will be interesting to investigate the behavior of the critical exponent as a function of
ds. A big uncertainty is the background impurity level. A factor two reduction of µBI

already results in an equal contribution to the alloy scattering. On the one hand, back-
ground impurities may therefore be essential to obtain the right amount of disorder. On
the other hand, they may also render the dominant scattering mechanism long-ranged,
even in InGaAs materials.

4.3 Weak localization

4.3.1 Theory

In ideal two-dimensional systems with quantum interference, the resistivity diverges
logarithmically with decreasing temperature. In real systems, a number of mechanisms
modify this behavior. Magnetic impurities lead to phase-breaking and saturation of ρxx

while spin-orbit coupling changes the interference from constructive to destructive, re-
sulting in weak anti-localization [100]. An applied perpendicular magnetic field allows
one to determine the time scales associated with such processes and to distinguish be-
tween weak localization and competing electron-electron interaction effects [113]. Weak
localization has been reviewed by Bergmann [114] while the various dephasing pro-
cesses are discussed in a recent review written by Lin and Bird [115].

In the diffusion regime, localization corrections to the classical 2D Drude conductiv-
ity σ0

xx due to quantum interference depend on the ratio of two length scales `ϕ/`mfp,
where `ϕ =

√
Dτϕ is the dephasing length, and are of the general form of Eq. (2.35). For

finite temperatures, taking τϕ ∝ T−p one obtains `ϕ ∝ T−p/2 so that the T-dependent
correction term ∆σL(T) becomes

∆σL(T) =
αp
π

ln
(

T
Teff

)
, (4.12)

where the extra factor α, a constant of order unity, depends on the specific universality
class associated with the localization mechanism.

It is important to remark that the phase-breaking exponent p used here only applies
to the weak localization regime, and cannot be used for the quantum Hall regime.
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Physically, these regimes are well separated and formally correspond to large values
of σxx À e2/h (”weak coupling”) and small values of σxx . e2/h (”strong coupling”)
respectively. At low magnetic fields the effect of electron spin interactions largely de-
termine the exact type of quantum interference of the system. At high magnetic fields,
however, these spin effects generally become negligible as the electrons become spin-
polarized, so that the universality class of the system is solely determined by the disor-
der and by the long-ranged (Coulomb) interaction between the electrons. The theoreti-
cal model of quantum Hall criticality, treated in more detail in Chapter 7, assumes spin-
polarized (spinless) particles. For that case, the phase-breaking exponent p is given by
Eq. (7.14).

In the presence of a magnetic field B the system loses its time-reversal symmetry so that
the localization contribution ∆σL decreases with B and is quenched as `B ¿ `ϕ. This
results in a negative magneto-resistance contribution given by

∆2σL(B, T) ≡ ∆σL(B)− ∆σL(0)

=
α

π

[
ψ

(
1
2

+
γb
B

)
− ψ

(
1
2

+
b
B

)
− ln γ

]
, (4.13)

where ψ(z) is the digamma function and

γ =
τ

τϕ
=

(
`mfp

`ϕ

)2

∝ Tp , (4.14)

b =
h̄

4Deτ
, (4.15)

with τ the elastic scattering lifetime, and `mfp the (elastic) mean free path. b is the
so-called transport magnetic field and is defined as the field where 4πb`mfp = Φ0

with Φ0 = h/e the flux quantum. When B/b & 1 paths contributing to the quan-
tum corrections have dimensions of the order of the mean free path `mfp or less, so
that the diffusion approximation breaks down. Using the values for τ = m∗

e µt and
D = πneh̄2τ/m∗2 from Table 4.2, we find that for sample HPW#2 b ≈ 0.02 T. Sample
C759 results in b = 6.25 · 10−4 T which explains why weak localization effects are not
observed (Fig. 4.1).
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Figure 4.4: a) Rxx curves at low magnetic fields. An applied magnetic field breaks the time reversal
symmetry lifting the weak localization leading to a decrease in resistance. At higher fields the Landau lev-
els start to separate resulting in Shubnikov - de Haas oscillations (SdH). b) The conductivity ∆2σ(B, T)
curves at weak magnetic fields are well explained by Eq. (4.13) (lines).

4.3.2 Results

Fig. 4.4 shows the weak localization peak ∆2σxx of sample HPW#2 for magnetic fields
B ≤ 0.05 T and temperatures T = 0.4− 5 K. Because of the absence of weak localization
sample C759 was not analyzed. The weak localization curves in Fig. 4.4 were fitted to
Eq. (4.13) in order to find the values of the parameters α, b, γ and to obtain the exponent
p. The fitting procedure consisted of two steps. First, all parameters α, b, γ were freely
adjustable within the fitting procedure. This was done in order to optimize the values
for the constant parameters α and b. The result is given in Table 4.3. The obtained fit-
value for b is in excellent agreement with the calculated value obtained from Eq. (4.15).
The value α = 2 is also in accordance with theory.

Fit parameters: α b (fit) b (calc) p
HPW#2 2.049± 0.367 0.020± 0.006 0.021 1.03± 0.05

Table 4.3: Weak localization parameters for HPW#2.

The optimization of α and b produced widely scattered data for γ. However, when we
fixed the values of α, b to those listed in Table 4.3 and fit the data again in the range
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B = 0 − 0.025 T, we obtained a very good power-law for γ with exponent p ≈ 1, as
expected for a disordered 2D sample. The result is shown in Figure 4.5. Hence, the
weak localization data confirm that the sample is in the ’dirty limit’ and with a linear
dephasing τϕ ≈ T−1.

4.4 Conclusion

The observability of quantum critical behavior is dependent on the extent of the critical
regime at finite temperatures. Although it cannot be inferred directly from the transport
data how large the critical regime actually is, a proper characterization of the disorder
supported by calculations may give a good indication of the suitability of the sample
for scaling experiments. The presence of short-ranged scattering is essential for the ob-
servability of quantum critical behavior. Additional conditions are high disorder that
leads to broad Landau levels, an electron density in the range of 1− 3 · 1011 cm−2, the
ability to measure the (spin-polarized) lowest Landau level (i.e. high magnetic fields),
and a minimal amount of macroscopic inhomogeneities such as carrier density gra-
dients. Because of the short-range scattering requirement, 2DEGs that are located in
ternary alloys, such as in InGaAs, AlGaAs, or InAlAs are preferable, as they allow for
a critical regime extending to measurable finite temperatures.

Apart from the growth materials, the specific growth structure and particular growth
method may also contribute to a sample’s suitability for scaling experiments. Long-
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ranged scattering is caused primarily by remote ionized impurities in the InP buffer
and by background scattering in the InGaAs layer. For strained layers, dislocation scat-
tering may also play a role. In order to minimize the scattering from the remote dopant
layer (in the InP) a spacer layer of about 20-40 nm should be placed between the InP
buffer and the InGaAs. Thicker buffers ds > 50 nm will not necessarily lessen the scat-
tering by the remote impurities but may lead to a decrease in carrier density. A doping
level of ND = 3.5 · 1016 cm−3 should be considered maximum, since more than that
could lead to a parallel conducting layer in the InP buffer.

The difference in mobility of samples HPW#2 and C759 is attributed to the different
growth methods. Short-range scattering processes such as interface roughness scatter-
ing are absent in C759 which is grown by CBE, while in the MOCVD-grown HPW#2
sample such scattering mechanisms could have a predominant effect on the mobility.
Unfortunately, no data are available on the dislocation density, nor on the amplitude
and correlation length of the interface, so no accurate estimates could be made. In
low-mobility InGaAs samples, a high background impurity level carries the danger of
making the disorder long-ranged. The background impurity level of HPW#2 is prob-
ably a little higher than that of C759, but the effect on the total mobility is thought to
be negligible. Based on the low-field experiments, sample HPW#2 may be considered
suitable for criticality experiments, provided that the background impurity level is in-
deed as indicated in Ref. [79]. An analysis of the weak localization regime of sample
HPW#2 results in a phase-breaking exponent p = 1, which is in good agreement with
the theory for disordered 2DEGs.

In light of the high mobility and the lack of observable weak localization behavior of
sample C759, the use of MOCVD rather than CBE/MBE techniques is suggested for
future sample growth. The difference in transport behavior between both samples
suggests an important role for (short-ranged) interface roughness scattering. Lattice-
matched interfaces are recommended in order to keep the occurrence of charged dis-
locations to a minimum. Additionally, it is highly recommended to characterize the
disorder of scaling candidate samples using TEM, PL [79] and X-ray scattering so that
important information may be gathered on dislocations, background impurities and
clustering.



5
INHOMOGENEITIES,

SYMMETRIES, AND THE

PLATEAU-INSULATOR

TRANSITION

In this chapter we introduce a new methodology of analyzing the experimental resistance
traces Rxx and Rxy of the plateau-insulator (PI) transition. By identifying fundamental
symmetries of the quantum Hall transitions and of the specific sample geometry we are
able to disentangle the intrinsic 2DEG aspects of the magnetoresistance data from the
sample-dependent aspects that occur due to macroscopic inhomogeneities. The approach
offers a simple and comprehensive formulation of the local transport coefficients ρ0, ρH

for the PI transition.

5.1 Introduction

5.1.1 The PI transition: a quantized Hall insulator?

The plateau-insulator (PI) transition in the quantum Hall effect occurs at high mag-
netic fields when the energy of the lowest Landau level crosses and exceeds the Fermi
energy EF at T = 0. Theoretically, an insulator is characterized by a vanishing conduc-
tivity at T = 0. In classical systems this generally implies a divergence of the resistance.
However, in two-dimensional systems where the different resistivity components each
display their own independent behavior, the situation in the insulating regime is some-
what more complex. While the longitudinal resistance component Rxx always shows
the expected divergence which is required to obtain a vanishing conductivity, the be-
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havior of the Hall resistance Rxy has no pre-imposed limitations. It can either remain
finite or diverge.

The first reported observation of a PI transition from an integer quantum Hall state
(ν=1) was by Paalanen et al. [116] in the context of disorder dependence of the observ-
ability of the fractional quantum Hall effect. Their results showed that for low enough
mobilities one no longer observes fractional states for ν <1. Instead, for such sys-
tems the integer quantum Hall state progresses directly to an insulating state upon an
increase of magnetic field. Following the discovery of the fractional quantum Hall ef-
fect by Tsui et al. [2], the interest notably shifted towards obtaining an insulating state
by means of Wigner crystallization, which was thought to occur in very pure high-
mobility samples. An experiment by Jiang et al. [117], where the insulating state fol-
lowed from the ν=1/5 fractional quantum Hall state, was interpreted as evidence of
such behavior. Subsequent experimental work on the PI transition, notably by Shahar
et al. [15, 57, 89, 118–121], refocussed the attention on the integer quantum Hall effect, in
particular on understanding the quantum critical aspects of this transition and its rela-
tion to the previously researched plateau-plateau (PP) transitions [14,68,70,80]. Two of
the most ardent topics of research were: 1) to investigate whether the PI transition – if
it does display scaling – belongs to the same universality class (i.e. possessed the same
value of κ) as the PP transitions, and 2) to settle the issue of the Hall component Rxy or
ρxy in the insulating regime.

While the matter of universality shall be taken up in Chapter 6, the question of the be-
havior of the Hall resistivity ρxy in the insulating state has also not been convincingly
settled. Claims of quantization of the Hall resistivity through the transition, the so-
called quantized Hall insulator [121], have generally not been accompanied by a thorough
temperature-dependent study of all transport coefficients ρij and σij. Such omissions
have made comprehensive insights of the critical behavior of the PI transition difficult.
Part of the reason for this lack of proper data may lie in the fact that the experimental
conditions necessary to investigate this transition are extremely demanding. Besides
the obvious prerequisites of the ‘proper’ short-ranged disorder and a suitable sample
geometry, the magnetic fields required lie in the order of B ∼ 20-30 T (for electron den-
sities ne ∼ 2-3×1011 cm−2) which can only be generated at large facilities. Moreover,
even if all of these conditions are met, the presence of inhomogeneities in the sample
may still prevent a reliable self-consistent analysis.
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5.1.2 Inhomogeneities and symmetry

Research of the quantum critical behavior of the quantum Hall transitions has encoun-
tered many experimental difficulties, of which the problem of macroscopic inhomo-
geneities has mostly been overlooked or purposely avoided. Macroscopic inhomo-
geneities are defined as spatial inhomogeneities in the disorder with sizes of the order
of the sample itself. Due to their wide spatial extent, they do not average out in the
transport data and hence appear as (subtle) systematic errors in the experiment. Re-
cent measurements by Van Schaijk et al. [16] on the PI transition have unequivocally
demonstrated the role which macroscopic inhomogeneities can play in the determina-
tion of the critical exponent. A difference of more than 20% between the value of κ

determined from ρxx and σxy was shown to be solely the result of macroscopic inhomo-
geneities [16, 84].

Our procedure of extracting the local transport coefficients from the observed macro-
scopic magnetoresistances relies primarily on general aspects of symmetry. Even though
symmetry provides an important tool in separating the sample dependent aspects from
the intrinsic properties of the 2DEG, it generally does not completely resolve the prob-
lem of how to extract the local transport coefficients from the macroscopic magnetore-
sistance data. These problems can only be addressed successfully if one can convince
oneself, on the basis of the overall consistency of the experimental data, that the effects
of sample inhomogeneities are sufficiently weak.

5.2 Symmetries and quantum Hall transitions

In the quantum Hall effect one can identify the relevant symmetries of quantum Hall
transitions by investigating the behavior of the transport parameters under several in-
dependent transformations:
• B → −B polarity of the magnetic field B:

The Onsager relation [122], reciprocity relation [123,124] and reflection symmetry [19]
state that the transport coefficients exhibit symmetric or antisymmetric behavior upon
a change in the direction of B.

• ∆ν → −∆ν symmetry around the critical point ν∗:
Assuming relatively symmetric Landau levels, equidistant filling factors on both
sides of the critical point ν∗ relate to each other through particle-hole symmetry and
the duality relation.

• ν → 1/(ν−1 + 2m) flux-attachment transformation to fractional states:
In high mobility samples the fractional quantum Hall states relate to the integer quan-
tum Hall states by means of the above transformation. Here m is an integer specifying
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half the number of flux quanta attached to the electron in order to produce the com-
posite quasiparticle. The fractional Hall effect will not be treated in this thesis, except
in the context of the unifying flow-diagram in Section 7.5.

5.2.1 Switching the magnetic polarity

A Hall bar can be understood in terms of a six-terminal voltage probe, of which two
terminals comprise the current source I+ and the current drain I−. The remaining four
terminals are voltage contacts of which two pairs measure the voltage Vxx along the
current or perpendicular (Vxy) to the current. Referring to the inset of Fig. 5.1, one can
use the following notation to denote the various resistances

Rkl,mn =
Vm −Vn

Ikl
. (5.1)

In Rkl,mn, therefore, the indices before the comma refer to the current contacts while
the indices after the comma denote the voltage contacts. While Eq. (5.1) refers to the
general four-terminal case, we may also use the following shorthand for the Hall bar
depicted in Fig. 5.1,

R12,34 = Rt
xx , R12,56 = Rb

xx , (5.2)

R12,35 = Rl
xy , R12,46 = Rr

xy , (5.3)

where the superscripts t, b, l, r stand for top, bottom, left, and right respectively.

It is quite obvious that a switching of either pair effectively leads to a change in current
direction and hence to a negative value of the resistance,

Rkl,mn = −Rkl,nm = −Rlk,mn . (current reversal) (5.4)

A more interesting relationship is the Onsager relation for dissipative processes occur-
ring in a material [122]. For the electrical conductivity tensor σ of an isotropic homoge-
neous medium in the presence of an applied magnetic field B this relation comes down
to σ(B) = σ(−B)t where the t indicates transposition. For the resistances in a Hall bar,
this reciprocity relation reduces to [123, 124]

Rkl,mn(B) = Rmn,kl(−B) . (reciprocity relation) (5.5)

In practice, this implies that one obtains the same results for the resistance curves under
field polarity reversal, if one simultaneously switches the current and voltage contacts.

Recently, another closely linked symmetry was identified by Ponomarenko et al. [19]
which is specifically valid for the six-terminal Hall bar geometries. It states that even for
samples which contain a small spatial dependence of the electron density ne 7→ ne(x, y),
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Figure 5.1: (a) Magnetotransport sweep at 0.38 K of sample HPW2 with resistances Rxx = (V3 −
V4)/I12 and Rxy = (V3 − V5)/I12. The subscripts denote the contacts employed (inset). At the PI
transition (B ≈ 17 T), the Rxy curve is no longer completely antisymmetric due to a slight contact
misalignment that results in an admixture with Rxx. The Rxx curve remains symmetric throughout
the PI transitions, independent of T. The difference in height of the Rxx peaks at the corresponding PP
transitions at B ≈ ±6 T (arrows) can be explained by small macroscopic electron density variations.

the following reflection symmetry around B=0 holds under reversal of the magnetic
field polarity,

Rt
xx(B) = Rb

xx(−B) , (reflection symmetry)

Rl,r
xy(B) = −Rl,r

xy(−B) (5.6)

In the homogeneous isotropic case, the above equations reduce to the well-known form
of the isotropic resistance tensor Eq. (2.19). A deviation from the isotropic case there-
fore points to the presence of an inhomogeneity affecting the local filling factor ν which,
in the presence of a homogeneous external field B, can only be due to a spatial depen-
dence of the electron density. As a case in point, we can already infer a presence of
inhomogeneities from the difference in peak height of the PP transition at B ≈ ±6 T.
Therefore, statements on the universal value of σ∗xx(T → 0) for this transition should be
made only with great caution, when the inhomogeneity effects can truly be neglected.

It is important to remark that in the presence of macroscopic inhomogeneities the resis-
tance components are generally not equal upon field polarity reversal. Since the four
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resistances Rl,r
xy and Rt,b

xx are taken from four voltage contacts, by Kirchoff’s rule they
must be interrelated. Therefore, great care should be taken in averaging over traces
from both field polarities. Unless either Rxx or Rxy can be shown to be intrinsically con-
stant, the average values do not, in general, adequately represent the ‘true’ transport. In
fact, this particular observation offers the key to the disentanglement of inhomogeneity
effects for the PI transition, which is not possible for the PP transition.

Intrinsic versus measured transport

Since samples employed in experiments always contain a certain amount of inhomo-
geneities, and the aim of this chapter is to disentangle these inhomogeneity effects, we
will henceforth employ a notation distinguishing between the two ‘types’ of transport
coefficients.

• σxx, σxy, ρxx, ρxy are the transport coefficients obtained directly from the experi-
ment, with

ρt,b
xx =

W
L

Rt,b
xx , ρl,r

xy = Rl,r
xy . (5.7)

• σ0, σH, ρ0, ρH are the local intrinsic transport coefficients corresponding to the
above experimental ones (i.e. σxy 7→ σH , ρxx 7→ ρ0, . . .). They are always given
in units e2/h and h/e2 for respectively σ and ρ.

5.2.2 Particle-hole symmetry

A fundamental symmetry of the quantum Hall effect itself relating the conductivities
σ0, σH on opposite sides of the critical point ν∗ is the so-called particle-hole symme-
try [26, 46, 125], defined as

σ0(X) = σ0(−X),

σH(X) = 1− σH(−X), (5.8)

with X = (ν− ν∗)/ν0(T) ∼ (1/B− 1/B∗), and ν0(T) the temperature-dependence of
the transport coefficients. The nature of ν0 will be dealt with in the next chapter. Here, it
will suffice to say that in the case of quantum criticality ν0(T) is described by a power-
law, ν0(T) ∼ Tκ.

Particle-hole symmetry is schematically depicted in Fig. 5.2. On the right-hand side
the curves for σ0, σH are shown as a function of X. Because of its fundamental nature,
particle-hole symmetry is associated with the intrinsic coefficients σ0, σH rather than
with the experimental ones σxx, σxy, in which it may be violated. On the left hand side,
we see the implication for the σH-σ0 flow diagram: a semi-ellipse with one of its axes on
σ0 = 0 and the other at σH=1/2. The maximum of σ0 is defined as the critical point, and
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Figure 5.2: particle-hole symmetry of the PI transition manifests itself through a mirror symmetric
flow diagram about σH = 1/2. The T-dependence of σ∗ is parametrized by η(T) (Eq. (5.9)).

is therefore indicated by σ∗. In the case of a quantized Hall insulator, where ρH = h/e2,
then σ∗=1/2 and we obtain a semicircle. This semicircle concept was originally borne
from a phenomenological theory for mesoscopic quantum Hall ‘puddles’ [56, 93], but
was found, in fact, to exceed its expected range of validity and to become a general
feature of the PI transition [84, 121, 126]. For now, however, we will attribute a non-
defined temperature dependence to σ∗ in the form of the parameter η, which indicates
the deviation from σ∗=1/2, hence

σ∗(T) =
1

2(1 + η(T))
. (5.9)

The exact T-dependence of η and its implications for the PI transition will be treated in
Chapter 6.

5.2.3 General equations for the PI transport coefficients

By inspection of Fig. 5.1 and taking into consideration the symmetries discussed above,
we can derive some important assumptions about the analytical formulation of the PI
transition coefficients.

First of all, the data reveal that at the PI transition the Rxx curve increases exponentially
throughout the transition, (a fact which was first observed by Shahar et al. [89]) and that
this occurs symmetrically with respect to B=0. Hence, we can write ρ0 = ρc exp(−X).
Furthermore, the Rxy curve is generally antisymmetric with respect to B=0, as expected
from Eq. (5.6). However, at the PI transition, this antisymmetry is lifted, revealing
the presence of another type of inhomogeneity not contained in Eq. (5.6) which causes
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a strong admixture of Rxx into Rxy. Since pure admixture effects can be countered
by averaging over the traces for both polarities [127], we take the average of the Rxy

curves and find ρH to be approximately equal to 1. A first-order correction term can
now be included which contains the deviation of quantization η(T) together with some
X-dependent factor f (X). We then have

ρ0 = ρce−X , (5.10)

ρH = 1 + η(T) f (X) . (5.11)

If we assume ρH ≈ 1 then particle-hole symmetry (Eq. (5.8)) implies that

ρ0(X) =
1

ρ0(−X)
(duality relation) (5.12)

which had already been experimentally verified also by Shahar et al. [89]. Close in-
spection of our Rxx data (Fig. 5.1) reveals that a change in polarity Rxx(−B) = Rxx(B)
implies that ρc ≈ 1, and that higher order correction terms of ρ0 need to be odd-powered
terms of X if Eq. (5.12) is to be fulfilled.

Writing the flow diagram obeying particle-hole symmetry as depicted in Fig. 5.2 as

σ0 = 2σ∗(T)

√(
1
2

)2

−
(

σH − 1
2

)2

. (5.13)

it is straightforward to show that the X-dependent factor f (X) of Eq. (5.11) is simply
f (X) = ρ0(X). Hence, from symmetry considerations alone – notably particle-hole
symmetry (Eq. (5.8)) and the reflection symmetry (Eq. (5.6)) – we have obtained the
following equations for the intrinsic transport coefficients:

ρ0(X) = e−X+O(X3) ,

ρH(X, η) = 1 + η(T)ρ0(X) .

(5.14)

(5.15)
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5.3 Macroscopic inhomogeneities in the PI transition

We now turn to an analysis of the inhomogeneities themselves. A first inspection of
Fig. 5.1 shows that the raw data obtained from transport measurements suffer from at
least two types of macroscopic inhomogeneities:
• Contact misalignment, present for samples with badly defined Hall bar geometries,

and resulting in an admixture of resistivity tensor components. This inhomogeneity
is most noticeable in the ρxy data of the PI transition when ρxx diverges. The general
solution has been to average over data sweeps taken from both field polarities [121,
127], although this is only correct to first order and only if other types of macroscopic
inhomogeneities are negligible.

• Macroscopic carrier density variations, present in highly disordered samples, and
resulting from an inhomogeneous ’freezing in’ of the disorder potential upon cool-
down. This effect is most noticeable in PP transitions, leading to a temperature de-
pendence of the maxima of the PP ρxx and σxx curves [19]. In general, it is difficult to
eliminate.

The unique features of the PI transition, however, have made it possible to eliminate
both inhomogeneity effects under certain conditions. The effects can be captured for-
mally by means of a so-called stretch tensor Sij which is introduced below.

The following analysis is based on the assumption that the spatial extent of the macro-
scopic inhomogeneities is typically much larger than any of the micro- and mesoscopic
length scales in the problem of transport in two-dimensional electronic systems. Under
these circumstances one can apply the results of ordinary electrodynamics. This means
one can describe the transport process by assuming phenomenological transport equa-
tions with slowly varying, position-dependent transport coefficients.

5.3.1 Contact misalignment

Let us start from the transport equations for an isotropic medium. The relation between
the electric field E and current density j is given by

Ex = jxρ0 − jyρH , (5.16)

Ey = jxρH + jyρ0 . (5.17)

Here, the resistivity components ρ0 and ρH obey the symmetry

ρ0(B) = ρ0(−B), ρH(B) = −ρH(−B). (5.18)

Next, we replace the Hall bridge by a simple, rectangular L×W geometry with point-
like contacts at the corners, as in Fig. 5.3. To represent a misalignment of the contacts we
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Figure 5.3: Schematic representation of the stretch tensor Sij. An ideal sample has a rectangular
shape with sides L × W, and a homogeneous distribution of carrier density ne. The inhomogeneous
sample has a spatially dependent electron density ne(x, y), and a slight contact misalignment which can
be represented by a rotation of the y-axis by a small angle θ. This latter inhomogeneity results in an
additional symmetric component (with respect to B=0) in the ρxy data.

rotate the y-axis by a small angle θ. Denoting the new y direction by y′ and assuming
a current density in the x direction only, it is easy to see that the measured potential
differences Vx and Vy′ are given by

Vx = Ix
L
W

1
cos θ

ρ0 (5.19)

Vy′ = Ix (ρH + tan θρ0) . (5.20)

Here, the total current is given as Ix = Wjx cos θ. We see that the contact misalignment
mainly produces an admixture of ρH and ρ0 components in the Hall potential Vy′ . This
admixture can in general be resolved, however, by changing the polarity of the external
field B. Since Vx does not change under the change B → −B we expect that Eqs. (5.19)
and (5.20) describe the dominant effects of sample inhomogeneities in the experiment
on the PI transition.

It is helpful to represent the effects of contact misalignment in matrix form. For this
purpose we consider a constant current density in the y′ direction. The potential differ-
ences now become

Vx = Iy′ (−ρH − tan θρ0) (5.21)

Vy′ = Iy′
W
L

1
cos θ

ρ0. (5.22)

Here, the total current Iy′ is given as Ljy′ cos θ. The results can be summarized as follows

[
Vx Vy′

]
=

[
Ix Iy′

] [
Rxx Rxy′

Ry′x Ry′y′

]
. (5.23)
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The resistance tensor Rij can be written in the form

Rij(B) = S(R)
ij ρ0(B) + εijρH(B). (5.24)

where

S(R)
ij =

1
cos θ

[
L
W sin θ

− sin θ W
L

]
, εij =

[
0 1
−1 0

]
. (5.25)

In terms of resistivities ρij, this becomes

ρij(B) = Sijρ0(B) + εijρH(B) (5.26)

where

Sij =
1

cos θ

[
ρc sin θ

− sin θ ρ−1
c

]
, (5.27)

with ρc ≈ 1. All the geometrical factors of the Hall bridge are contained in the quantity
Sij which we name the stretch tensor.

It is interesting to compare the tensor representation of contact misalignments with that
of an anisotropic medium. In this case one can split the resistivity tensor in a symmetric
and an antisymmetric part,

ρij(B) = ρs
ij(B) + εijρH(B) (5.28)

where ρs
ij = ρs

ji. The ρs
ij is at the same time even in B, ρs

ij(B) = ρs
ij(−B). In general, we

can write ρs
ij in the form of a stretch tensor

ρs
ij(B) = Sijρ0(B) , (5.29)

where
ρ0(B) =

√
ρs

xxρs
yy − (ρs

xy)2 . (5.30)

Sij can be expressed in terms of a rotation R ∈ SO(2) and a scale factor λ,

Sij = R−1

[
λ 0
0 λ−1

]
R. (5.31)

5.3.2 Density gradients

Macroscopic variations in the electron density ne(r) can be expressed to linear order as

ne(r) = ne + nxx + nyy . (5.32)

The local filling factor ν(r) then becomes

ν(r) = ν + νxx + νyy , (5.33)
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with the quantities ν, νx and νy expressed in terms of the fixed quantities ne, nx and ny

as follows
ν =

ne

nB
, νx =

nx

nB
, νy =

ny

nB
, (5.34)

and where nB = eB/h denotes the magnetic flux density.

Hence, the transport coefficients Eqs. (5.14)-(5.15) also become spatially dependent

ρ0(r) = e−X̃ (5.35)

ρH(r) = 1 + η(T)ρ0(X̃). (5.36)

with
X̃ = X(r) =

ν− ν̃∗

ν̃0(T)
. (5.37)

Taking ν0(T) = (T/T0)κ, the spatial dependence of X̃ is contained in ν̃∗ and T̃0,

ν̃∗ = ν∗(r) = ν∗
(

1 +
nx

ne
x +

ny

ne
y
)−1

, (5.38)

T̃0 = T0(r) = T0

(
1 +

nx

ne
x +

ny

ne
y
)1/κ

. (5.39)

Before we calculate the effects of density gradients on the measured resistivities ρt,b
xx , ρl,r

xy,
we must first define the geometry of the Hall bar. For easy comparison with the numer-
ical results of Ponomarenko we have adopted the same notation as in Ref. [27]. The
measures of the Hall bar are indicated in Fig. 5.4. This means that the previously used
geometrical factor W/L is now written as the ratio y0/x1. The current I flows along the
x direction of the sample which has total length 2x0. Likewise, the width of the Hall
channel is 2y0, with the voltage contacts located at equidistant points from the center,
at (±x1,±y0).
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y 

Figure 5.4: Hall bar geometry definitions.
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Taking the center of the sample as the origin Eq. (5.32) becomes

ne(x, y) = ne +
Gx

2x0
x +

Gy

2y0
y , (5.40)

with Gx and Gy parameters characterizing the strength of the gradient along the x and
y axes respectively. A value Gx = 0.02 means that the density increases by 2% over the
length of the sample. This implies that the density difference between the voltage pairs
is Gx

x1
x0

and Gy for Vxx and Vxy respectively. For practical purposes we define

δnx = nxx1 = Gx
x1

2x0
, δny = nyy0 cos θ =

Gy

2
cos θ , (5.41)

δνx = νxx1 = Gx
x1

2nBx0
, δνy = νyy0 cos θ =

Gy

2nB
cos θ . (5.42)

In this way, the local filling factors at the four voltage contacts are ν± δνx ± δνy.

5.3.3 PI transition

In order to calculate the influence of the density gradients on the experimental resistiv-
ity values we start out from the following expressions

ρ0(r) = e−X− νx
ν0(T) x− νy

ν0(T) y,

= ρ0
0 e−

νx
ν0(T) x− νy

ν0(T) y, (5.43)

ρH(r) = 1 + ηρ0(r) . (5.44)

Here, we have defined ρ0
0 = ρ0(0, 0) = e−X.

The experimental values ρt,b
xx , ρl,r

xy have been derived in a straightforward manner (cf.
App. A) by placing the expressions Eqs. (5.43) - (5.44) into the transport equations
Eqs. (5.16) - (5.17) and taking into account the following macroscopic constraints.

∇ · j = 0 (5.45)

ρ0∇× j = (∂yρ0 − ∂xρH)jx − (∂xρ0 + ∂yρH)jy . (5.46)

The first equation is simply current conservation, the second is a direct consequence of
the stationary state condition ∇× E = 0. These differential equations must be solved
with the appropriate boundary conditions, such as jy = 0 for y = ±y0.

The result is given by

ρt,b
xx(η, θ) =

r0

cos θ
ρ0

0e∓(1+η) sin θ
y0
x1 (5.47)

ρr,l
xy(η, θ) = 1 + (tan θ + η)r1 ρ0

0e∓δνx/ν0(T) , (5.48)
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where r0, r1 are complicated amplitudes that depend on θ, η, δνx and δνy.

For small contact misalignment θ and for small values of η the amplitudes r0, r1 may be
expressed as

r0 =
[

Ay sinh Ax

Ax sinh Ay

]
≈ 1 +

1
6

A2
x −

1
6

A2
y + ... (5.49)

r1 =
[

Ay

sinh Ay

]
≈ 1− 1

6
A2

y + ... (5.50)

where Ax,y = δνx,y/ν0(T). We restrict the second-order term in order to formulate an
inhomogeneity condition for the observation of critical behavior at the PI transition,

1
6

∣∣∣∣
δνx,y

ν0(T)

∣∣∣∣
2

¿ 1 . (PI) (5.51)

This condition is generally much weaker than the one imposed on the PP transition [106]
which is given by ∣∣∣∣

δνx,y

ν0(T)

∣∣∣∣ ¿ 1 . (PP) (5.52)

5.3.4 The stretch tensor Sij

We can now define the general stretch tensor for the case of contact misalignment and
density gradients. Since the ρxx data do not depend on the polarity of the external field
B we may neglect the term with η in Eq. (5.47). The expressions that take into account
the combined effects of contact misalignment and density gradients therefore become

ρt,b
xx(x, y) ≈ 1

cos θ
ρ0(±y0 sin θ, 0) (5.53)

[
ρr,l

xy

]even
(x, y) ≈ tan θ ρ0(±x1, 0) (5.54)

[
ρr,l

xy

]odd
(x, y) ≈ 1 + η ρ0(±x1, 0) . (5.55)

Here we have split the ρxy into parts that are even and odd under B → −B. Finally, for
any pair of components ρxx, ρxy we may cast the results in the form of a stretch tensor.
This leads to the following expression

ρij = Sijρ0 + εijρ
(0)
H + S′ijρ

(1)
H . (5.56)

Here, the quantities ρH are odd under a change in the polarity of B

ρ
(0)
H (B) = −ρ

(0)
H (−B) ; ρ

(1)
H (B) = −ρ

(1)
H (−B) (5.57)



INHOMOGENEITIES, SYMMETRIES, AND THE PLATEAU-INSULATOR TRANSITION 77

and all the other terms are even. The transport coefficients depend on two scaling
variables X, η only

ρ0(X) = e−X+O(X3) (5.58)

ρH(X, η) = ρ
(0)
H + ρ

(1)
H (X, η) (5.59)

with
ρ

(0)
H = 1 , ρ

(1)
H (X, η) = η(T)ρ0(X). (5.60)

The effects of sample inhomogeneities are all contained in the results for Sij and S′ij,

Sij =
1

cos θ


 ρc sin θe

δνx
ν0(T)

− sin θe−
δνy

ν0(T) ρ−1
c


 (5.61)

S′ij =
1

cos θ


 0 sin θe

δνx
ν0(T)

− sin θe−
δνy

ν0(T) 0


 . (5.62)

An important aspect of the expressions above is that the off-diagonal components of S
and S′ are identically the same.

5.4 Conclusion

Experimental data obtained from Hall probe measurements generally contain an ad-
mixture of intrinsic transport coefficients and inhomogeneity-related systematic errors.
By identifying the various symmetries associated with Hall probe measurements and
those of the quantum Hall effect itself (particle-hole symmetry), we have been able to
extract the inhomogeneity effects from the intrinsic resistances ρ0 and ρH of the PI tran-
sition by introducing a so-called stretch-tensor that maps the inhomogeneities onto an
effective rotating and ‘stretching’ of the sample. Furthermore, based on symmetry con-
siderations alone, we have been able to derive the general equations for these transport
coefficients as a function of the two parameters X and η. Quantum criticality can now
be explored further by focussing on the temperature dependent behavior of the param-
eters X and η and the question whether the transition displays scaling and universality
can be investigated.
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6
CRITICAL BEHAVIOR OF THE

QUANTUM HALL TRANSITION

In this chapter we report on magnetotransport results of the plateau-insulator (PI) transi-
tion of a low-mobility InGaAs/InP heterojunction. By employing the methodology devel-
oped in Chapter 5 we obtain a critical exponent κ = 0.57± 0.02 which differs from the
previously established value of 0.42± 0.05, and which is indicative of non-Fermi-liquid
type interactions in the critical regime. Hence, the result belongs to a different universal-
ity class than the free-particle problem. Furthermore, the small T-dependence of the Hall
resistivity ρH around the PI transition allows us to investigate the corrections to scaling
and determine the so-called irrelevant scaling exponent yσ = 2.4± 0.1. It is shown that
the Hall resistivity diverges for ν > ν∗, although it remains quantized as a function of
the true scaling variable X ∼ T−κ∆ν, revealing a subtle difference between parameters ν

and X.

6.1 Introduction

The critical exponent κ can in principle be extracted from any temperature dependent
transport parameter. Ideally, one would prefer to extract any critical behavior from
the conductivities σxx and σxy, since they are the two relevant parameters of the two-
parameter scaling theory [23] and the working parameters for any transport theory.
However, in experiments one has to make a trade-off between being able to measure
directly only one conductivity coefficient, σxx on a Corbino disk, or measuring both
resistivity components simultaneously using a Hall bar, and converting them to con-
ductivities afterwards. A complication in this last process may be that both Hall bar
resistivity components measure slightly different parts of the sample, resulting in pos-
sible effects of small electron density differences or other inhomogeneities as the tem-
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Figure 6.1: Data of sample HPW2 for ρxx (all transitions) and ρxy (PI only) with varying B and
for opposite field directions. The curves labelled a, b, ... f correspond to T = 0.38, 0.65, 1.2, 2.1, 2.9
and 4.2 K respectively, with the critical fixed point occurring at B∗. The ρxy curves show a symmetric
deviation around h/e2 for T . 1 K for opposite polarities of B, while for higher T the average ρH deviates
from quantization. The ρxx curves remain identical upon B-inversion for all T.
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perature is lowered and the traces become more and more singular as one approaches
the critical point. Since the conductivities are obtained from inverting the resistivity
tensor these effects should be corrected for in obtaining the conductivities.

For our investigations into critical behavior of the quantum Hall effect, it is essential
to obtain both (preferably all) longitudinal and perpendicular (Hall) transport coeffi-
cients simultaneously, since the σH-σ0 flow diagrams play an integral part in the scaling
theory. Therefore, our measurements are predominantly performed on Hall bars. The
experiment described in this chapter was performed at the high magnetic field facility
at the University of Nijmegen with magnetic fields up to 20 T, and temperatures of 0.1
- 4.2 K. Basically, two datasets are employed in the analysis, one for T ≈ 0.1 ∼ 1 K and
one for T & 1 K. the sample was heated to room temperature between measurement of
the two datasets. Further experimental details have been described in Chapter 3.

Fig. 6.1 shows the resistivity data of sample HPW#2 in units h/e2 as function of the mag-
netic field strength B. One can identify a crossing point B∗ in the ρxx data at 17.23 T.
This crossing point is the unstable (metallic) critical fixed point in the scaling theory
since it is unaffected by changes in temperature (i.e. length scales) [26]. Upon reversal
of magnetic field polarity, the ρxx data turn out to be identical, ρxx(B) = ρxx(−B) for
the PI transition, reflecting the fact that the admixture of an (antisymmetric) ρxy com-
ponent into the ρxx data is negligible. The PP transition, on the other hand, is not the
same upon field reversal, disenabling us to perform the analysis of Chapter 5 on the PP
transition.

The |ρxy| data show a symmetry about h/e2 for the lowest temperatures only. Convert-
ing to ρH by the method outlined in Chapter 5, we find a deviation from quantization
for T & 1 K. The divergence of the ‘bare’ ρxy data was also observed by Van Schaijk et
al. [16, 73], although then it was not understood that this is an inhomogeneity artifact.

6.2 The critical exponent κ

It is helpful to plot the data of the PI transition not as a function of B, but instead as
a function of the filling factor ν which plays an important role in the scaling variable
X = (ν − ν∗)/ν0(T). The critical fixed point is now denoted by ν∗, and it is the re-
gion surrounding ν∗ which is of most interest to us. Since ρ0 = exp(−∆ν/ν0(T), with
∆ν = ν− ν∗, we can plot the T-dependent factor 1/ν0(T) as a function of T and find that
it shows a clear power-law behavior 1/ν0 = (T/T0)−κ with κ = 0.57± 0.02 (Fig. 6.2).
T0 ≈ 190 K is a measure of the effective bandwidth, and is comparable to the Landau
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Figure 6.2: a) ρ0 curves of the PI transition as a function of ∆ν for temperatures T =
0.16, 0.26, 0.38, 0.65, 0.78, 1.13, 2.05, 2.90, and 4.21 K. For positive and negative magnetic field po-
larity, the ρ0 data are identical throughout this transition. b) T-dependence of the slope 1/ν0 around the
critical fixed point ν∗, resulting in a critical exponent κ = 0.57± 0.02.

level bandwidth Γ for short-range disorder. In the absence of thermal broadening of
the Fermi energy band, one can view T0 as the temperature at which the whole effec-
tive Landau level would be in an extended state. At temperature T, only the fraction
(T/T0)κ of the Landau level is de-localized (i.e. extended). Using the self-consistent
Born approximation (Eq. (4.2)) to calculate the width Γ of the Landau level for a white
noise potential (λ = 0) we obtain TSCBA

0 = 198. Our experimental results for κ and
T0 for various samples and transitions are summarized at the end of the chapter in Ta-
ble 6.4.

The deviation of our result κ = 0.57 ± 0.02 from the ’established’ critical exponent
κ = 0.42± 0.05 [14] is not large, but still significant and beyond the experimental error.
A difficulty in the interpretation of this result lies partly in the fact that the exponent
κ = p/2νθ is formed by the ratio of two independent critical exponents νθ and p. The
fundamental exponent determining the universality class is the correlation length ex-
ponent νθ . It describes the divergence of the localization length ξ at the Landau band
center according to Eq. (2.38).

The exponent p, relating the temperature to the effective size (the phase-breaking length
`ϕ) as `ϕ ∝ T−p/2, is a necessary ingredient when performing experiments on samples
of which the actual size cannot be easily tuned. Its value is theoretically bounded to
1 < p < 2 [46]. Recent theoretical work incorporating Coulomb interactions has pro-
posed that the physical observable associated with p is, in fact, the specific heat of the
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Figure 6.3: (a) The symmetric component ρs
xy of the ρxy curves for two temperature regimes. The

critical fixed points ν̃∗ (indicated by arrows) differ from ν∗ by an amount 1/(1 + εx). (b) The slope of (a)
plotted on a log-log plot still yield the same exponent κ as the ρ0 data (dashed line). However, the slight
offset indicates that the values for T̃0 differ slightly from T0(1 + εx)1/κ , due to minute spatial variations
in the disorder.

electron gas cv ∝ Tp [46]. We shall come back to the problems of the experimental ( κ )
versus the theoretical ( νθ ) exponents in Chapter 7.

Despite our limited knowledge of the precise meaning of κ, we can still say that the new
experimental value of 0.57 which we have obtained is in conflict with the Fermi-liquid
ideas that have been frequently proposed over the years [17,128–130]. The Fermi-liquid
value obtained from numerical work [40] equals νθ = 2.34 ± 0.04 which is similar to
the result for 2D semiclassical percolation models which include quantum tunnelling
(νsemicl.

θ = 7
3 ). This value, however, is based on the free-electron picture. One can obtain

κ = 0.42 with this value of νθ only if one presupposes p = 2, which is the p-limit for low
disorder and – in contrast to the free-electron picture – implies high electron-electron
interaction [131].

On the other hand, taking 1 < p < 2, our results imply that the correlation length ex-
ponent must be bounded by 0.9 < νθ < 1.8. If we assume that p ≈ 1 obtained at low
fields is still valid in the quantum limit, then νθ ≈ 1. We may therefore conclude that
the Coulomb interaction problem which is represented by this experiment gives rise to
a non-Fermi-liquid (nFL) exponent νθ ≈ 1, and lies in a different universality class than
the free-electron model.



84 CHAPTER 6

6.3 Macroscopic inhomogeneities

6.3.1 Stretch tensor and the Rs
xy component

To obtain an estimate of the macroscopic inhomogeneities, we employ the method de-
scribed in Chapter 5. Specifically, from Eq. (5.28) we split the Rxy data at constant T into
a symmetric and an antisymmetric part,

ρxy(B) = ρH(B) + ρs
xy . (6.1)

We have seen that the ρs
xy is merely an admixtured Rxx component. However, it is im-

portant to remark that this Rxx component is the resistance of a slightly different part
of the sample than the Rxx which forms the basis for ρ0. Hence, if the sample suffers
from macroscopic density gradients one should be able to notice them by differences
between ρs

xy and ρ0. Presumably, the data obtained from ρs
xy represent a small local

section of the sample close to the Hall voltage contacts (∼ tan θ, Fig. 5.3), as opposed to
ρ0 which is a ‘global’ average of the sample resistivity.

The most striking difference observed in Fig. 6.3 (a) is the shifted critical fixed point ν̃∗

from ν∗ as defined from the ρ0 traces. In this chapter, parameters obtained from ρs
xy data

will be indicated by a tilde. Our measurements were performed in two separate data
runs. In between both runs the sample was heated to room temperature. The shifted
critical fixed point for each set indicates that upon cooling the realization of the local
electron distribution and disorder potential is slightly different each time. However, the
effect is negligible for the global resistance (Fig. 6.2) indicating that the inhomogeneity
associated with density gradients is sufficiently weak (Eq. (5.51)).

As was shown in Chapter 5, one can capture the combined effects of density gradients
and contact misalignment by computing the stretch tensor Sij (Sec. 5.3.4). Representing
the small gradients in the density, we have assumed that the resistivity components
are given by Eqs. (5.14) and (5.15) but with a spatially dependent filling factor ν →
ν(x, y) = ν + νxx + νyy. The stretch tensor Sij is now given by

Sij =
1

cos θ


 1 sin θ e

εxν
ν0(T)

− sin θ e
εyν

ν0(T) 1


 (6.2)

Here, εx = ±νxL/2ν and εy = ±νyW/2ν are taken as fixed quantities representing the
relative uncertainties in the electron density in the x and y directions respectively. On
the basis of Eqs. (5.14), (5.15) and (6.2) we can write

ρs
xy(B, T) = tan θ e

εxν
ν0(T) ρ0(X) = tan θ ρ0(X̃) , (6.3)
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where X̃ is the local scaling variable (See Eqs. (5.37) - (5.39))

X̃ =
ν− ν̃∗

ν̃0(T)
, (6.4)

and

ν̃∗ =
ν∗

1 + εx
(6.5)

T̃0 = T0(1 + εx)1/κ (6.6)

are the local substitutes for ν∗ and T0 when there is only a measurable gradient in the x
direction.

From Fig. 6.3 (a) we can determine εx by measuring the distance between the local and
‘global’ critical fixed point, ν̃∗ = ν∗ + δν and using

εx =
δν
ν∗(

1− δν
ν∗

) . (6.7)

A quantitative estimate of the density gradient (i.e. the density variation to linear order)
may be found by

δn
ne

=
δν

ν

∣∣∣∣
ν=ν∗

(6.8)

Using our experimental values we obtain a density gradient in the order of 2-3%. Values
for εx, δn/ne, ν̃∗ and T̃0 are listed in Table 6.1. The experimentally determined fit of T̃0

(Fig. 6.3 b) deviates slightly from the expected value, but falls more or less within the
experimental error.

Parameter: ρ0 ρs
xy (T ≤ 1.2) ρs

xy (T ≥ 1.2)

εx – 0.022 -0.032
tan θ – 0.108± 0.022 0.141± 0.002
δn/ne – 2.1 % 3.3 %
ν̃∗ 0.551 0.539 0.571
T̃0 (fit) 188± 20 205± 7 239± 7
T̃0 (Eq. (6.6)) – 195± 20 177± 30

Table 6.1: Deviations of the critical fixed point ν∗ = 0.551 and other scaling parameters due to
macroscopic inhomogeneities. The critical exponent κ is taken to be 0.57, as determined from ρ0 in
Fig. 6.2.
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6.3.2 Inhomogeneity Conditions (Eqs. (5.51) - (5.52))

In Section 5.3.4 an experimental criterium was derived limiting the amount of carrier
density variation throughout the sample for scaling to be observed. For the PI transition
this condition (Eq. (5.51)) requires that one-sixth of the square of the ratio δνx/ν0(T)
must be much less than 1. Rewriting δνx as the experimentally obtained parameter εxν

we show in Fig. 6.4 (left) that this is indeed the case for our experiment. More generally,
we can rewrite condition Eq. (5.51) in terms of the density ‘gradient’ nx/ne.

(
nx

ne

)
¿
√

96
(

T
T0

)κ

. (6.9)

Taking out the factor
√

96 ≈ 10, we may replace the ’¿’ sign and define a ’tolerable’
density gradient (nx/ne) for a proper observability of the PI transition that is a factor
10 lower than ν−1

0 (T), (
nx

ne

)
∼

(
T
T0

)κ

. (6.10)

This curve is plotted along with the experimental value in Fig. 6.4 (left).

Fig. 6.4 (right) shows the estimated maximum allowable electron density variations for
various InGaAs/InP samples from Table 3.1, based on Eqs. (5.51) - (5.52). The lines
indicate an absolute maximum value for nx/ne, and the actual density variation should
be much less than this limit. From Fig. 6.4 it becomes clear that density inhomogeneity
effects in PI transitions are manageable if they are within a few percent, while for PP
transitions they pose a serious hindrance. Therefore, unless samples have a carrier
density variation of much less than 1%, the PP transport data may become inconclusive.

6.3.3 Inhomogeneities and the critical exponent: κσ versus κρ

In previous experiments on the PI transition of this sample, Van Schaijk et al. [16] calcu-
lated the conductivities by straight inversion of ρij and then made a distinction between
the critical exponent κσ (κ in Ref. [16]) as derived from the minimum slope of σxy, and
the exponent κρ (κ′ in Ref. [16]) which was extracted from the logarithmic slope of the
ρxx isotherms. The difference between κσ (≈ 0.44) and κρ (≈ 0.55) was attributed to
a marginal dependence of the critical resistance on T. Furthermore, it was suggested
for the first time that this dependence most likely resulted from macroscopic inhomo-
geneities in the sample.

By exploiting particle-hole symmetry, which was also verified by the data itself (See
Fig. 6.9), this difference could be connected to the temperature dependence of the max-
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imum of the longitudinal conductivity σ∗xx as (App. B)

κρ − κσ =
d ln(σ∗2

xx + 1
4 )

d ln T
. (6.11)

Basing themselves on the historically ’established’ value of κ ≈ 0.42 [14], Van Schaijk
et al. concluded that κσ provided the true value of the critical exponent. Our recent
investigations of this same sample clarify that, in fact, Van Schaijk’s κρ is the correct
exponent [84]. In Fig. 6.5 our data for κσ is plotted alongside Van Schaijk’s (indicated
by ’vS’).

Our data has shown that the ρxx curve is identical for both field directions. It is there-
fore much more suitable to extract correct information about the critical behavior of the
PI transition. Similar to Ref. [16], we checked the validity of Eq. (6.11) by calculating the
exponents obtained from σxy and the T dependence of σ∗xx for both field directions. For
T < 2 K we obtain a correction value which accurately leads to κ = 0.57± 0.02. Above
2 K, the difference in amplitude between ρxy and ρxx decreases so that the σij curves
contain a complicated entanglement of inhomogeneity effects which can no longer be
adequately described by Eq. (6.11).

We summarize our results and those by Van Schaijk et al. in Table 6.2. It is clear that the
deviation between the critical exponent found by different means can be quantitatively
explained by Eq. (6.11). It is, in fact, an experimental artifact due to the intermixing
of Rxx and Rxy in inhomogeneous samples (contact misalignment) when determining
σxy. When measurements are done for only one field polarity, as in the case of Ref. [16],
the conductivity components σij cannot be properly deduced. Since the influence on
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the critical exponent is rather large, care should be taken to disentangle the resistance
components first before analyzing the experimental data.

Measurement: κρ (cf. table 6.4) κσ κρ − κσ slope Fig. 6.5

Van Schaijk et al. [16] 0.57± 0.05 0.42± 0.05 0.14 0.15
this work, Bup [84, 85] 0.57± 0.02 0.61± 0.02 -0.04 -0.05
this work, Bdown 0.57± 0.02 0.54± 0.02 0.03 0.02

Table 6.2: . Terms of Eq. (6.11) explaining the deviation between the exponents κρ and κσ

6.4 The PI transition: corrections to scaling

In Chapter 5, we already found the general form of ρH from initial data and symmetry
considerations. The most important result was that in the low temperature limit, ρH

remains quantized about h/e2. A similar result was obtained previously by Hilke et
al. [121] who dubbed this phenomenon a ’quantized Hall insulator’. The consequences of
this fact are considerable. For one, the concept of duality (Eq. (5.12)) basically hinges
on the quantization of ρH . Moreover, it is this single fact which allows us to disentangle
inhomogeneity effects in this transition.
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from (b). d) η(T) may accurately be described by a power-law, with an irrelevant scaling exponent
yσ = 2.43± 0.08.
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6.4.1 The irrelevant exponent yσ

While the study of quantum criticality is mainly concerned with the asymptotic limit
T → 0, it is equally important to monitor the system’s behavior at higher temperatures.
Fig. 6.6 (a) shows the ρH data for 0.3< T <4.2 K. At higher temperatures, the Hall
resistance obviously deviates from the quantized value. We can plot this deviation for
several values of ∆ν around ν∗, as done in Fig. 6.6 (b). The deviation clearly exhibits a
temperature dependent component η(T), as well as a ∆ν- (X-) dependent component
f (X) = ρ0(X). However, since the X-dependent components are due to the local X, we
must instead use ρ(X̃) (Eq. (6.4)) for f (X). Hence,

ρH = 1 + η(T)ρ0(X̃) . (6.12)

We can now determine the functional dependence of η by dividing the ρH(X)− 1 data
by ρ0(X̃) as shown in Fig. 6.6 (c). It is apparent that η(T) is indeed only dependent on
T, which is quite remarkable considering the fact that in the range−1 < X < 1 the cor-
responding ρ0 data varies by more than three orders of magnitude. Next, plotting the
averaged η(T) values taken from the range −1 < X < 1 as a function of temperature
(Fig. 6.6 (d)), we see that η(T) has the following analytical form

η(T) =
(

T
T1

)yσ

, (6.13)

which is a power-law. The factor η(T) denotes the leading irrelevant scaling variable,
with T1 a phenomenological parameter and yσ ≈ 2.5 the leading irrelevant exponent.
The temperature T1 may be thought of as a crossover temperature between weak local-
ization (T > T1) and quantum critical behavior, i.e. scaling (T < T1). Therefore, there is
only a small fraction of the Landau level band, namely (T1/T0)κ ≈18%, which makes
up the critical regime. The electrons in the states outside this region are localized at
T > T1 due to the long-ranged components of the disorder.

The values for yσ and T1 for several samples are listed in Table 6.4. The values for yσ

correspond to each other very well, despite the difficulty in their determination. The
values for T1 are all within the experimental regime (T < 5 K) which means that the
whole experiment takes place in the quantum critical regime.

6.4.2 The Hall resistance in the asymptotic limit

Treatment of ρH in the asymptotic limit is a very non-trivial operation. Experimen-
tally, we and others [15, 126] have shown that for many systems, the Hall resistance
remains quantized through the transition in the lowest Landau level. However, deep
in the insulating regime numerical [60,132] and analytical [61] work has suggested that
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eventually (for ρxx → ∞) the Hall resistance is expected to diverge as well when the
localization length becomes much shorter than the dephasing length ξ ¿ `ϕ.

Having captured the behavior of ρH in an exact mathematical description (Eq. (6.13)),
we can take the analysis one step further and notice that our result is actually in agree-
ment with the aforementioned theoretical predictions of a diverging Hall resistance in
the insulating regime as a function of B (or ν). However, as demonstrated in Fig. 6.7, if
we take X as the dependent scaling variable, as we should, the Hall resistance remains
quantized in the limit T → 0.

We may understand this behavior analytically by starting with the full form of ρH to
leading order:

ρH = 1 +
(

T
T1

)yσ

e−
∆ν

ν0(T) . (6.14)

In the limit T → 0 we can discriminate between the following three experimental situ-
ations:

• Critical point (∆ν, X = 0).
Since X = 0, Eq. (6.14) reduces to

ρH = 1 +
(

T
T1

)yσ

(6.15)

which reduces to ρH = 1 as T → 0.
• Quantum Hall regime (∆ν, X > 0).

Rewriting Eq. (6.14) as

ρH = 1 + e−
∆ν

ν0(T) +yσ ln(T/T1), (6.16)

we obtain ρH = 1 since both terms in the exponential are negative for X > 0 and
T → 0.

• Insulator regime (∆ν, X < 0).
From Eq. (6.16) it becomes clear that X < 0 and T → 0 leads to a diverging expo-
nential term, and results in ρH → ∞ in this limit.

We may therefore conclude that up to the critical point (ν ≥ ν∗), the Hall resistance rH

is quantized at h/e2 in the asymptotic limit, but for ν < ν∗, all resistivity tensors diverge
in this limit.

Around the critical point it is more correct to describe the situation in terms of a single
scaling variable X. As indicated in Fig. 6.7, the Hall resistance is always quantized in
the limit T → 0 for every X, but not for every ∆ν (see inserts (a) and (b)). This tells us
that X is indeed the proper scaling variable. Fig. 6.7 also shows that the higher-order
correction term in ρ0 is not just a particular feature of ρ0 but is indeed necessary for
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Figure 6.7: Deviations of ρH from h/e2 on a linear scale (a-b) and a log scale(c-d). The symbols
are experimental data points taken at T = 4.21, 2.9, 2.05, 1.13, 0.78 K. The lines are fits of ρH with
higher-order coefficient γ = 0.04 (solid) and γ = 0 (dashed). The insets in plots a) and b) show that
ρH(∆ν) = 1 for ∆ν > 0 and T → 0, while ρH(∆ν) = ∞ for ∆ν < 0 and T → 0. However, ρH(X) = 1
for all X, T → 0. Hence, X is the proper scaling variable.
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−0.25,−0.15, 0, 0.15, 0.25 (corresponding to B = 32.5, 23.9, 17.2, 13.4 and 11.7 T respectively) on a
linear scale and on a log-log plot (insert). Here ν∗ is the separatrix. For ν < ν∗, ρH becomes infinite for
T → 0, while for ν ≥ ν∗, ρH approaches the constant value h/e2.

a correct description of ρH as well. This is consistent with the idea that the transport
in the insulating state crosses over into a variable-range hopping (VRH) mechanism
which is then reflected in all the resistivity components. The solid lines in Figs. 6.7 (c)
and (d) are theoretical fits containing the higher-order terms in X (See Sec. 6.6), while
the dotted lines only contain the linear term. It is clear that the solid lines produce the
better fit. The extrapolated resistance curves are plotted in the insets of Fig. 6.7 (a) and
(b), showing the T dependence at different values of ∆ν and X, respectively.

An interesting consequence is that for filling factors ν < ν∗, there will be a tendency
towards quantization as the temperature drops, but at a certain point Tins the resistance
will start to rise again, and ρH will behave as a classical insulator. The temperature
where this will occur is

Tins =
(−κ∆ν

yσ

)1/κ

T0 . (6.17)

Hence, the ρH data in itself show a clear metal-insulator transition, with ρH(ν∗) as the
separatrix (Fig. 6.8). The transition is atypical in the sense that the relation ∂R/∂T < 0
which usually distinguishes an insulator from a metal, is not valid over the whole T
regime, but only for T < Tins. In general, this behavior will be difficult to measure
accurately, since stringent conditions pertaining to density, resistance, contacts and dis-
order homogeneity are required of the sample.
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6.5 Plateau-plateau transitions

6.5.1 PI versus PP: universality?

The previous analysis has shown that the PI transition provides one with all the neces-
sary information on the critical behavior of the quantum Hall transitions. The reason
that this thorough analysis is limited to the PI transition only is that the temperature
dependence from which the critical exponent κ is derived is contained in only one of the
resistance components, namely ρ0, while the Hall component ρH remains quantized at
ν∗ for T → 0 and therefore does not contain information about the relevant scaling expo-
nent κ. However, small deviations from quantization of ρH at higher temperatures do
give us the irrelevant exponent yσ which cause leading-order corrections to scaling that
are necessary to reconstruct the renormalization group flow diagram. As was shown
in the previous chapter, this irrelevant temperature dependence of ρH (i.e. constant in
the limit T → 0) is the essential key to disentangling the effects of macroscopic inho-
mogeneities for the PI transition.

In the case of higher Landau level plateau-plateau (PP) transitions, however, both ρxx

and ρxy exhibit strong T-dependent behavior. As one approaches the critical point,
therefore, the measurement traces of both quantities become more and more singular,
with narrower ρxx peaks and steeper ρxy slopes as the temperature is lowered.

Since the two resistivity components in a Hall bar geometry measure slightly differ-
ent parts of the sample, macroscopic inhomogeneities will cause the critical point ν∗

to become locally defined as ν∗(x, y). This is especially important when obtaining the
conductivity coefficients through inversion of the resistivity tensor σ = ρ−1 in a Hall
bar geometry. If both ρxx and ρxy have differently defined critical points the resulting
σxx − σxy flow diagram is an inaccurate representation of the true conductance behav-
ior. This is especially significant for low temperatures since there the relative deviation
between ν∗,PP and ν̃∗,PP is much larger.

The difference between the PI and PP transition in this respect is illustrated in Fig. 6.9.
Here, the top figure (a) shows the measured σxx and σxy data which are obtained from
straightforward inversion of the measured resistivities. For the PI transition particle-
hole symmetry is still observed, because the inhomogeneity due to intermixing of Rxx

in the Rxy data is relatively small, and only affects the value of σ∗. The PP transition,
on the other hand, clearly shows a sharp deviation from particle-hole symmetry due to
the lack of correspondence between the ρxx and ρxy critical points.

The true conductance coefficients of the PI transitions are found by means of a proper
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averaging procedure which employs the stretch tensor Sij. For the PP transition, a
proper average procedure doesn’t exist since Sij relies heavily on the fact that ρxy is
constant in the asymptotic limit, which does not apply to PP transitions. Recently, how-
ever, Ponomarenko et al. [19] have shown that for various high mobility samples one
can approach the correct semicircle result very closely by first averaging the B-up and
B-down individual resistance curves prior to performing the tensor inversion to ob-
tain the conductivity coefficients. This procedure is only valid for samples with a very
small density gradient and, unlike the stretch tensor, it does not incorporate the effects
of contact misalignment. The resulting curves are shown in Fig. 6.9 (b). The bottom
two figures (c) and (d) show the resulting T-dependence of σ∗ for the two transitions,
providing a universal value σ∗ = 1

2 for the PI transition while that of the PP transition
remains ill-defined. In fact, the decrease of σ∗ with decreasing T for the PP transition
has often been reported in literature [14,16], but was usually explained as being a char-
acteristic feature of the critical regime. Actually, this effect should be ascribed to the
presence of macroscopic inhomogeneities. We will discuss this hypothesis in more de-
tail in Chapter 8.

6.5.2 PP: the proper fit procedure

Having realized the detrimental effects of spatial dependent density variations on the
conductivity traces, Wei et al. [14] resorted to analyze solely the behavior of the individ-
ual resistivity components. In those measurements both the inverse width (∆B)−1 of
the ρxx(B) peak of the transition, as well as the maximum slope of ρxy, (dρxy/dB)MAX

exhibited a power-law behavior ∼ T−κ for all observable PP transitions. A drawback
of this procedure is that the measurement of the width of ∆B for the ρxx curves only in-
volves two points of the data, namely one on either side of B∗. Secondly, the maximum
slope of ρxy also involves only a limited number of points which are not necessarily
centered around ρxy(B∗). A further drawback to this approach is that a physically rel-
evant value for T0 cannot be determined since the proportionality constants between
(∆B), ∂Bρxy and Tκ are unknown. For example, the correspondence between the mea-
sured value for T0 and its calculated SCBA value of the PI transition (Sec. 6.2) provide an
important self-consistency and therefore a confirmation of the experimentally obtained
value. In most experiments such as those of Wei et al. [14] and others [16, 70, 80, 133],
the value of T0 was not reported because of their specific fitting procedures.

Instead of merely looking at the T-dependence of (∆B) and dρxy/dB, a more model-
consistent way to analyze the critical behavior of the PP transitions is to make use of
the periodicity of σxy. This means that a relationship exists between the various Landau
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levels k, such that

σ
(k+1)
xx (X(k+1), η(k+1)) ' σ

(k)
xx (X(k), η(k)) , (6.18)

σ
(k+1)
xy (X(k+1), η(k+1)) ' σ

(k)
xy (X(k), η(k)) + 1 , (6.19)

with k = 0, 1, 2, . . . and σij in units of e2/h. Using Eqs. (5.14) - (5.15) the PP resistance
components become (dropping the superscripts k and k + 1 on X and η)

Rxx(X, η) = R0
e−X

(k + 1)2 + 2ηk(k + 1)e−X + k2e−2X , (6.20)

Rxy(X, η) = RH
k + 1 + η(1 + 2k)e−X + ke−2X

(k + 1)2 + 2ηk(k + 1)e−X + k2e−2X . (6.21)

Here, as in the PI transition, the experimental data are plotted as a function of ∆ν and
fitted with the above equations (Eqs. (6.20) - (6.21)) to obtain the temperature depen-
dence of the coefficient ν0(T) in X = ∆ν/ν0(T). From ν0(T) on a log-log plot, Fig. 6.10,
we then determine κPP and TPP

0 using the relation ν0(T) = (T/T0)κ. While for the PI
transition ν∗ was determined by the crossing point of the Rxx traces, for the PP transi-
tion a single crossing point is not easily identifiable due to a T-dependence of the Rxx

peak resulting from the presence of (macroscopic) electron density inhomogeneities.
Therefore, ν∗(k) becomes an additional fit parameter. It should, however, be confirmed
that it remains constant within the experimental error for the whole accessed tempera-
ture range. Similarly, the height dependence of the Rxx peak is also influenced by such
inhomogeneities so the additional fit parameters R0 and RH ≈ 1 are included to cap-
ture this effect. For samples with negligible density gradients R0 ≈ L/W, otherwise
R0 varies with temperature in a manner proportional to the magnitude of the inhomo-
geneity.

Because Eqs. (6.20) - (6.21) contain many independent parameters we fit the data in two
stages. First, assuming a negligible influence of the irrelevant scaling field η(T) at low
temperatures we started out by fitting the traces using the approximation η = 0. This
comes down to the assumption that the data are located on a semicircle in the σxy − σxx

plane, and that potential variations in peak height due to inhomogeneities and the η(T)
term are effectively absorbed into R0(T). Such a simplification is, in fact, identical in
form to the semiclassical formulae obtained by Oswald et al. [58] which are based on a
modified Landauer-Büttiker formalism,

Rxx = R0
e−X

(k + 1)2 + k2e−2X , (6.22)

Rxy = RH

[
k +

1
1 + e−2X

] [
k2 +

2k + 1
1 + e−2X

]−1

. (6.23)

While in the approximation η → 0 the form of the resistance traces is the same, one
should bear in mind that the physical means of electron transport behind the two is
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Figure 6.10: Experimentally obtained values for ν0(T) obtained from the ρxx curves of the PP transi-
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only in the temperature range T = 0.38 − 2.1 K. For T > 2 K, the deviations are reproducible and
occur due to the irrelevant scaling field η(T) (dashed) or thermal broadening (dotted, Eq. (6.27)). For
low temperatures, the deviation is non-reproducible and is therefore ascribed to an inhomogeneous carrier
distribution.

completely different, distinguishing between a quantum critical sample (Eqs. (6.20) -
(6.21)) with a high density of disorder and a semiclassical Landauer-Büttiker model
(Eqs. (6.22) - (6.23)) which does not make any apriori statement on the disorder.

The next stage in the fit procedure is to fix the κ and T0 values in X which best fit the
data at low temperatures, and subsequently fit the data with only the η(T) parameter
free. The results of νPP

0 (T) are plotted in Fig. 6.10 (dashed). Contrary to the PI transition,
the data do not show a nice power-law behavior on a log-log plot. In the intermediate
temperature regime (0.3 ≤ T ≤ 2 K), one can distinguish a series of five points which
seem to comprise a straight line on a log-log plot. The slope of best fit through these
points is κPP ≈ 0.40, substantially lower than the PI value. The higher temperatures
show a broadening of the peak which goes faster than expected from pure power-law
behavior. While it is often ascribed to thermal broadening, as described in the next
section, it could also be due to η(T), with y(1)

σ = 2.5 and T(1)
1 ≈ 6 K. The value of the

irrelevant exponent yσ coincides with the PI result. Also, as expected, the T1 value is
about a factor 2/3 lower than the PI result, which is in line with the decrease in width
of T0 so that the ratio T1/T0 remains the same for both transitions.

The lower temperatures seem to exhibit some kind of saturation, which in practice is
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often ascribed to an insufficient cooling of the 2DEG. It is widely recognized [134] that
at low temperatures, typically T < 100 mK, the temperature of the 2DEG is slightly
higher than the surrounding temperature Tbath. This problem is often ascribed to weak
electron-phonon coupling. Since the 2DEG is located inside the sample, the most ef-
fective means of cooling is through the electric leads. Therefore, it may be very well
possible that the temperature Tbath as measured by the thermometer, at a small dis-
tance to the sample, is slightly different from the actual temperature of the 2DEG. This
is why data taken at T ≤ 80 mK in these type of highly disordered samples should
generally be viewed with some suspicion. We have seen that for this sample the PI
transitions at higher fields within the same measurement run do show a proper power-
law behavior. Assuming that the cooling of the sample is independent of the magnetic
field strength, this leads us to disregard the above explanation of insufficient cooling,
all the more since the saturation seems to take place already from T . 300 mK.

Another possible explanation is, yet again, the macroscopic inhomogeneity. As we have
seen with the PI transition (Sec. 6.3.1), the Hall resistance ρxy represents a more ‘local’
quantity than the dissipative ρxx resistivity, i.e. the ‘global’ average of the resistance
between the Vxx voltage contacts. Therefore, in the presence of carrier density inho-
mogeneities, the width of the ρxx peak will tend to saturate at the lowest temperatures
when the width of the peak becomes of the order of the inhomogeneity. Assuming
η = 0, we may estimate the peak width at (∆ν) ∼ 2.6ν0(T) in terms of the filling
factor1. Therefore, the peak width will saturate for density gradients δn/n

δn
n

=
2.6ν0(T → 0)

k + 1
2

(6.24)

Estimating the saturation value ν0(T → 0) for our sample from Fig. 6.10, we obtain
a density variation in the order of 3-4 %, slightly higher than was obtained from our
PI transition data which was measured in the same experimental run. We also re-
measured the PP transition in a different setup and found that for these measurements
the inhomogeneity was much lower, probably because the cooling occurred much less
abruptly than in the case of the high-field magnet setup. Therefore, the electrons had
more time to distribute themselves homogeneously.

6.5.3 Thermal broadening

Apart from the influence of η(T), treated here for the very first time, deviations from
the expected power-law behavior at higher temperatures are often described in liter-
ature as resulting from thermal blurring (broadening) by the Fermi-Dirac distribution

1The exact factor is ln(7 + 4
√

3) ≈ 2.634 [27]
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function f [14,16,92]. We can estimate the extent to which the data suffer from thermal
broadening. Assume that the width of the Fermi function (−∂ f /∂E) is of the order kBT
while the width of the extended states Wext is simply the fraction of Landau level states
that are extended, ν0(T), multiplied by the total bandwidth of the Landau level, T0.
Hence,

Wext =
(

T
T0

)κ

kBT0 , (6.25)

and thus

kBT/Wext =
(

T
T0

)1−κ

. (6.26)

The result, depicted in Fig. 6.11, is that around 4.5 K the Fermi energy band is about
20% of the width of Wext. This is quite small, but not completely negligible. Coleridge
and Zawadzki [92] have explicitly calculated the effects of thermal broadening on the
temperature dependence of ν0(T). Assuming a Gaussian shaped Landau level with
width Γ, they found that a Taylor expansion of σ(E) around E = EF yielded [92, 135]

ν0(T) =
(

T
T0

)κ

+
π

6Γ2 Tκ
0 T2−κ . (6.27)

Similarly, the value of σ∗ = σxx(ν∗) was found in a similar manner to display the fol-
lowing T dependence:

σ∗(T) =
1
2

[
1− π

12Γ2 T2κ
0 T2−2κ

]
. (6.28)

Therefore, as the temperature increases, we expect a fall-off for σ∗(T) as T2−2κ. This be-
havior is, however, not corroborated by the experimental data as shown in Fig. 6.9 (d).
Here, the temperature dependence of σ∗ actually shows that σ∗ increases with increas-
ing temperature. It must be noted that the exact shape of the PP flow diagram depends
very much on the averaging procedure, so unlike the PI transition a ‘true universal’ PP
flowdiagram cannot be obtained experimentally. As stated above, we have used here
the method described in Ref. [19], where the average of the ρxx curves is used together
with a shifted ρxy(ν + δν) to compute the conductivity tensor. Due to the large varia-
tion in ρxy over a short distance in B (or ν) a small error in δν already results in a large
change in σ. Actually, such a correction is only valid to first order, since by shifting ρxy

one does not take into account Kirchoff’s rule which states that the sum of all voltage
contacts must equal zero. In the PI case, where the ratio Rxy/Rxx is very small, the effect
of such a correction becomes negligible.

When fitting the ν0(T) data in Fig. 6.10 obtained from the ρxx curves the data at higher
temperatures are to some extent accommodated by the inclusion of the thermal broad-
ening correction term. A fit using κPP = 0.40 yields T0 ≈ 2800 K and Γ ≈ 6.9 meV
(∼ 80 K). One may compare these values with the estimated width of the Landau level
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from SCBA calculations (Eq. (4.2)) [52,91] that are listed in Table 6.4 and using the sam-
ple parameters listed in Table 3.1. Taking B∗ = 6.24 T we obtain ΓSCBA(T0) ≈ 9.9 meV
(∼ 115 K) which is a close enough consistency. The physical meaning of T0 in this
context is unclear. In Ref. [92] T0 was merely treated as a fit parameter. Scaling the-
ory, however, ascribes a physical meaning to T0. The discrepancy between Γ and T0, or
rather, the experimental and theoretical value of the width of the Landau band, as well
as the non-universal value of κ could indicate that neither κ(1) and T(1)

0 are correct, but
result from interferences of non-critical processes such as inhomogeneities.

6.5.4 Linear law

In 1998 a controversial paper by Shahar et al. [89] proposed, on the basis of experimental
data, that certain samples display a transport regime in which the width of the extended
states ν0(T) follows a linear dependence on temperature,

ν0(T) = a + bT . (6.29)

The implications of this are far-reaching, since Eq. (6.29) implies that in the limit T → 0
a finite width a of extended states would be present, thereby throwing overboard the
idea of the quantum Hall effect being a series of quantum phase transitions. The gen-
eral consensus now [9,58–60,92], however, is that Shahar’s ‘linear law’ (Eq. (6.29)) only
applies to the semiclassical regime, where transport occurs through percolative mech-
anisms. As was explained in Sec. 2.8, the presence of localized clusters close to the
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Figure 6.12: Same as Fig. 6.10 but plotted on a linear scale. The deviations from the power-law result
∝ Tκ at higher T due to η(T) and at lower T due to inhomogeneity effects result in a T-dependence
which is very suggestive of the linear law ν0(T) = a + bT as proposed by Shahar [89]. The various fit
lines represent the ‘linear law’ (straight, Eq. (6.29)), corrections due to η(T) (dashed, Eq. (6.20)), and
corrections due to thermal broadening (dotted, Eq. (6.27)).

conducting network also result in a linear behavior of σij(T). Then, the true quantum
critical regime occurs at temperatures below those at which Eq. (6.29) applies, although
the transition from the semiclassical regime to the critical regime is never easily dis-
cernible from the experiment. Herein lies the fundamental difficulty in studies pertain-
ing to quantum Hall criticality, and this difficulty is the origin of much of the confusion
and the debate.

Our data for the PP transition can also be plotted on a linear plot as in Fig. 6.12. It is
obvious that the Nijmegen data set fit Eq. (6.29) much better than a power law ν0 ∼ Tκ

with or without thermal broadening. One can easily see how tempting it is to conclude
that this behavior is an intrinsic property of the 2DEG and not, for example, an exper-
imental artifact. However, we have convincingly shown in Fig. 6.2 that the same data
sweeps at the PI transition do show critical behavior, and since it is extremely unlikely
that two completely different mechanisms or transport regimes would govern two very
similar quantum Hall transitions, one cannot but attribute the observed ‘linear law’ for
this sample to inhomogeneity related artifacts in combination with irrelevant scaling
corrections η(T) or thermal broadening effects at higher temperatures. A ‘linear-law’
behavior in PP transitions may therefore also be a signature of the presence of macro-
scopic inhomogeneities.
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6.6 Crossover to the localized state

As the electron gas traverses from the conducting state to the localized state, the phys-
ical mechanism of the electron transport also changes. In a true scaling sample with a
high density of scatterers, the expectancy of the electronic wavefunction is finite (albeit
small) everywhere, and one can consider the sample to be truly metallic. For samples
with long-ranged scatterers, the transport mechanism is more likely to have a percola-
tive nature that can be adequately described by semiclassical models. The behavior of
the transport coefficients close to the quantum critical point ν∗ (|X| < 1) shows an ana-
lytic dependence on temperature as ρij ∝ T−κ∆ν.

However, in the limit of large |X|which enters the regime of the quantum Hall plateaus,
the scaling variable of the theory is not given by X, but rather by the quantity

X ←→ Y = ±F(ε)
Tξ

(6.30)

where F is related to the dielectric constant ε of the electron gas and ξ is the localization
length. The concept of the mobility gap implies that ρ0 becomes exponentially small in
Y whereas ρH becomes robustly quantized except for corrections that are exponentially
small in Y. For example, within the Efros-Shklovskii approach [136], based on variable-
range hopping (VRH), the result for σ0 is known explicitly and given by

ρ0(Y) ∝ exp(−
√
|Y|) . (6.31)

Hence, the T-dependence of the quantum Hall phase (|X| À 1) and the quantum criti-
cal phase (|X| . 1) are fundamentally different, involving distinctly different physical
mechanisms.

The crossover X → Y between the metallic and the localized state can best be repre-
sented by an expansion in powers of X,

Y → X + βX2 + γX3 + δX4 +O(X5). (6.32)

The values for β, γ and δ are constrained by the fact that the transport parameter ρxx(Y)
also has to fulfill the duality relation ρ0(Y) = 1/ρ0(−Y) (Eq. (5.12)) which follows from
particle-hole symmetry, Eq. (5.8). Therefore, we expect the coefficients of the even pow-
ers of X, such as β and δ to be zero within the experimental error.

By assuming that the VRH approach of Eq. (6.31) is valid for |X| > 1, one can find the
following correspondence between the arguments of the exponential of both transport
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mechanisms,

|X| ∼
(

1
ξTp/2

)1/νθ

∼ |∆ν|
Tκ

(6.33)

√
Y ∼

(
1

ξT

)1/2

∼ |∆ν|νθ/2

T1/2
. (6.34)

With κ = 0.57 ≈ 1/2 and νθ in the order of 1-2, the difference between X and
√

Y is
minimal. We therefore expect the nonzero higher-order correction coefficients γ to be
very small as well.

In Fig. 6.13 (a) we show the residue of ln(ρ0(X)) + X as a function of ∆νi.p. for several
isotherms. ∆νi.p. is defined as the distance from the inflection point of the ρxx trace rather
than the critical point ν∗, although the difference δν(T) = ν∗ − νinfl.pt. is very small
(δν(T) ¿ 0.01).

∆νi.p. = ν− νinfl.pt.

= ν− ν∗ + δν(T) = ∆ν + δν(T) (6.35)

Around the critical point ν∗, the deviation is negligible, but as one approaches the lo-
calized regime it becomes more significant. In accordance with the duality relation
(Eq. (5.12)), it is also roughly antisymmetric, demonstrating the predominance of odd-
powered higher-order correction terms. This explains the reason for plotting Fig. 6.13
with respect to the inflection point rather than the critical point. It guarantees the high-
est possible amplitude of the third-order term when fitting the data with a polynomial
similar to Eq. (6.32).

Fig. 6.13 (b) shows that even for the PP transition the inclusion of third-order terms
provides an accurate description of the ρxx curve of over three orders of magnitude in
resistance (γ > 0 curve), compared with only one order of magnitude with just the
first-order term X in the exponential (γ = 0 curve). Therefore, similar to the η(T) term,
it is a universal effect which appears in all quantum Hall transitions and is not merely a
unique feature of the PI transition. In determining the critical exponent κ however, the
influence of these higher-order terms is negligible. This should not come as a surprise,
since the quantum critical behavior of the system is found in the region near ν∗, not
in the Landau level tails. It is important to keep in mind that the higher-order terms
originate solely from the crossover of the metallic bulk state into a different transport
regime such as VRH.

The third-order γ coefficient as function of T from three independent data sets is shown
in Fig 6.13 (c) and listed in Table 6.3. The γPI coefficient of the ρPI

0 curves were deter-
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Figure 6.13: a) Residue of ln(ρ0) + X = O(X3) at the PI transition for three isotherms: T =
0.28(¥), 0.38(O), 1.13(N) K (Eq. (6.32)) as a function of ν − νi.p.. The third-order term −γX3 is
clearly predominant. b) Experimental data and fits of ρPP
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(solid line). c) T-dependence of the third-order coefficient γ for ρPI
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mined by a least-square third-order polynomial fit of ln(ρ0(X)), while for the PP tran-
sition the third-order term γPP was incorporated in the Landau level transformation
formula for ρPP

0 (Eq. (6.20)). Both transitions yield a more or less T-independent value
of γ ≈ 0.002. The γ coefficient was also determined from the ρH curves, which, in
addition to the quantized value h/e2, also contain a distinguishable ηρ0 term at higher
temperatures (T & 1 K). The value of γH ≈ 0.04 is about a factor 20 higher than the γ0

values, which can be attributed to a compounding of experimental error.

The limit of validity of the variable X may be estimated by the rule that the first higher-
order term may not exceed the first-order term. As such, γX3 ¿ X, and with γ ≈ 0.002
this implies that |X| ¿ 20 for the ρ0 data, but |X| ¿ 5 for the ρH data. In practice,
however, experimental uncertainties reduce the range for useful data analysis to about
|X| . 3.

Source data: ρ0 (PI) ρ0 (PP) ρH (PP)
(10−3) (10−3) (10−3)

γ 2.15± 0.14 0.96± 0.11 40.0± 8.0

Table 6.3: Summary of temperature-averaged third-order coefficients γ determined from various trans-
port data sets. See also Fig. 6.13.

6.7 Universality

The experimental presence of universality was one of the major breakthroughs in the
early experiments on quantum Hall criticality. Wei et al. [14] showed that for three
PP transitions within the same sample (HPW#59, also quoted below) both ρxx and ρxy

transport coefficients yielded the same critical exponent κ ≈ 0.42. Our own investi-
gations the same samples employed by Wei et al. and similar ones have resulted in a
slight reconsideration of this view. By demonstrating that the PI transition is the only
quantum Hall transitions which enables a self-consistent analysis in the presence of in-
evitable inhomogeneities, and by finding an exponent κ = 0.57± 0.02 for this transition
for several samples, we claim that the previous exponent 0.42 is not so much a reflection
of universality as it is of coincidence brought about by inhomogeneities. Our sample
too displays a critical exponent κPP ≈ 0.40 in a limited temperature range, and seems
to fit to the ‘linear law’. However, Fig. 6.9 indicates that while the PI transition seems to
adhere nicely to the theory and demonstrates a convincing power law (Fig. 6.2), the PP
transition does in general not obey the symmetries discussed in Chapter 5, and should
therefore not be taken as seriously as the PI transition while a consistent method of dis-
entangling inhomogeneity effects for this transition has not yet been developed.



CRITICAL BEHAVIOR OF THE QUANTUM HALL TRANSITION 107

As a demonstration of universality, we summarize in Table 6.4 the critical values κ, yσ

and associated temperature scales T0, T1 for several samples measured in our group.
The four samples (sample N3388 was measured for two different densities that can be
considered as two distinct samples) all showed an exponent κ ≈ 0.57 and yσ ≈ 2.5.
Incidentally, the PP values are all lower, close to the ‘established’ value κ ≈ 0.42 while
retaining the value yσ ≈ 2.5.

Another aspect of universality can be extracted from Fig. 6.9 where the symmetry as
well as the T-dependent flow of the flow diagrams are depicted. The PI transition goes
wholly in accordance with theoretical predictions, while the PP transition displays a
lower symmetry, as well as an abnormal flow of σ∗. Large deviations resulting from
small carrier density variations could obscure the true critical behavior in these graphs.

6.8 Conclusion

It was found that in the thermodynamic limit, the Hall resistance remains quantized at
ρH = h/e2 throughout the transition, whereas the longitudinal resistivity ρ0 enters the
insulating phase exponentially. For higher temperatures, the Hall resistance diverges
algebraically, leading to a deviation of the maximum of σxx from the universal value
e2/2h. We obtained a value for the irrelevant critical exponent yσ ≈ 2.5 from the tem-
perature dependence of this deviation. Particle-hole symmetry and the duality relation
are obeyed over the whole temperature regime.

Crossover effects into the VRH regime were shown in both resistivity components, and
quantified. The obtained critical exponent κ = 0.57 is significantly higher than the pre-
viously ‘established’ value of 0.42. As a consequence, the resulting correlation length
exponent νθ is bound by 0.9 < νθ < 1.8 which strongly contrasts with the Fermi-liquid
value νFL

θ = 2.3. Our non-Fermi-liquid result reflects the influence of Coulomb interac-
tions, thereby placing the quantum Hall transition in a different universality class from
the free electron (i.e. Fermi-liquid) result.

The ρH data have shown that the quantum Hall insulating state is indeed a true insu-
lating state in the sense that all resistivity components diverge in the thermodynamic
limit. There where the linear law (Eq. (6.29)) would have required an (ad-hoc) addi-
tional phase transition in order to lead to a true insulator, our analysis has provided a
simple and smooth transition from the quantum Hall state to an insulating state, con-
sistent with experiments. Furthermore, it embraces both the high as well as the low
temperature behavior and yields the correct exponential result in the localized regime
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and power-law behavior for the critical regime.

The universality of the PI transition has been convincingly established by comparison
to other recent results on InGaAs based samples. However, the critical exponents κ of
the different Landau level transitions, PI and PP, do not yield a similar value. In all
cases, the PP transition exponent lies below κ = 0.57, and is actually closer to the ‘old’
value κ ≈ 0.42. Furthermore, the exponents extracted from the PP data are not as con-
vincing as the PI transitions, and it is suspected that the macroscopic inhomogeneities
may actually be responsible for this. In Chapter 8 we will investigate this point further.

Samples: HPW#2 HPW#59 N3388
Ref.: [84, 85] [16] [81] [88]

Measured
T-range (K) 0.16− 4.2 0.13− 4.2 0.14− 1.06 0.08− 1.07 0.08− 1.07
PI:
κρ 0.57± 0.02 0.55± 0.05 0.56± 0.01 0.54± 0.05 0.58± 0.02
yσ 2.4± 0.1 – – 2.1± 0.3 2.6± 0.5
T0 (K) 188± 20 215± 10 230± 20 185± 10 135± 10
TSCBA

0 (K) 198 198 223 127 147
T1 (K) 9.2± 0.3 – – 8±2 4.5± 8
PP:

κ
(1)
ρ 0.40± 0.05 0.46± 0.05 0.42± 0.05 – –

y(1)
σ 2.5± 0.1 – 2.4± 0.1 – –

T(1)
0 (K) 2400− 3100 – 1600− 2400 – –

T(1),SCBA
0 (K) 115 115 129 73 122

T(1)
1 (K) 6± 2 – 8± 3 – –

Table 6.4: Critical values for the PI and PP transitions for three separate InGaAs based heterojunctions.
The similarity between different samples for the PI transition exponents κ and yσ is striking. However,
for the 1st Landau level PP transition the values for κ(1) of each sample do not correspond with the PI
values while the measured T0 values conflict with the SCBA calculated values.



7
UNIVERSAL SCALING

FUNCTIONS AND THE

RENORMALIZATION GROUP

In this chapter we derive the universal scaling functions using the results obtained in
Chapter 6 and from which we obtain the T-dependent flow in the scaling diagram. Fur-
thermore, the experimental β-functions are derived and compared with their theoretical
counterparts. It is found that the experimental β-functions fit nicely with the Coulomb
interaction flow functions, and differ from the non-interacting case. Finally, the univer-
sal scaling diagram for the integer and fractional quantum Hall states is constructed by
means of Chern-Simons mapping of the theoretical and experimental results.

7.1 Phase transitions and the Renormalization Group

7.1.1 General concepts

Phase transitions of many-body systems are commonly treated using the framework
of the renormalization group (RG). Introduced by Kenneth Wilson in the early 1970’s,
the RG provided a method for calculating critical exponents and established that they
should depend on the spatial dimension, the symmetry of the order parameter, and
the symmetry and range of interactions, but not on the detailed form and magnitude
of the interactions [22, 137]. An important consequence of this insight is that so-called
universality classes can be defined, whereby all transitions in the same universality class
have the same critical exponents even though the microscopic mechanism behind each
transition may be different.
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The fundamental idea behind the RG is that it establishes a relationship between the
coupling constants ĝ of a HamiltonianH(ĝ1, ĝ2, . . . ; L) and the coupling constants ĝ′ of
a Hamiltonian H′(ĝ′1, ĝ′2, . . . ; bL) in which the lengths L have been rescaled by a factor
b [138] such that

ĝ′ = R(ĝ) , (7.1)

where R is an analytic function of ĝ. A phase transition is characterized by the presence
of a non-trivial fixed point ĝ∗ where ĝ∗ = R(ĝ∗). The independence of the Hamiltonian
on length scale reflects the divergence of the correlation length ξ(ĝ∗) → ∞ at this point.

In the critical regime one usually describes the system in terms of nonlinear scaling
fields ζα which are regular functions of the coupling constants ĝ and are obtained from
the diagonalization of Eq. (7.1) [138]. In terms of scaling fields, the fixed point ĝ∗ is
given by ζα = 0. The singular part of the free energy per degree of freedom fs used to
calculate the thermodynamic quantities at the phase transitions can then be expressed
in terms of the scaling fields ζα. The general scaling form of fs is

fs(ζ1, . . . ; L) = L−dF(Ly1 ζ1, . . .) , (7.2)

where L now indicates the length scale of the system after renormalization, and d is the
dimension of the system. F is a regular unspecified function and y1 is the critical ex-
ponent associated with the scaling field ζ1. In general, the Hamiltonian H depends on
a large number of scaling fields ζα. However, in the limit L → ∞ the thermodynamic
properties of the system depend on only a few of them. These so-called relevant scaling
fields have associated exponents y1 > 0, while the other scaling fields ζα with expo-
nents yα < 0 are called irrelevant. For finite systems, however, the irrelevant scaling
fields lead to corrections to the asymptotic scaling laws, and it is necessary to take them
into account as well when analyzing the experimental data.

In the continuum limit b → 1, the transformation of the scaling fields ζα under a change
in L is described by a RG flow function, or β-function,

β[ζ(L)] =
dζ(L)
d ln L

. (7.3)

By knowing the exact form of the β-function and an initial value for the free energy
fs one can calculate fs and the thermodynamic properties of interest as a function of
length scale, similar to an ordinary first-order differential equation. The zeros of the
β function give the RG fixed points. Close to the fixed point the exponent y1 can be
obtained from a linearization of the β function

y1 =
dβ

dζ1

∣∣∣∣
ζ1=0

(7.4)
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When dealing with interacting systems which couple to external fields such as temper-
ature T or frequency ω the γ-function is invoked. It is defined in a similar manner as
the β-function (Eq. (7.3)), but instead it describes the renormalization of the interaction
parameter zc (see section 7.1.3). At the fixed point, ζ = 0, it defines the anomalous
dimension γ∗ of the electron - electron coupling.

In the theory of quantum phase transitions [139, 140], the dynamical exponent zT is
employed to relate the correlation time ξτ (in imaginary time intervals −ih̄/kBT) of the
quantum fluctuations to the spatial correlation length ξ in a quantum critical system of
d + zT dimensions. At the critical point ξτ varies as ξτ ∝ ξzT . Since the correlation time
of the quantum fluctuations depends strongly on the coupling with external fields, zT

is therefore an interaction exponent, and defined as [46]

zT = 2 + γ∗ . (7.5)

Here, the ‘2’ is the engineering dimension of the temperature, which is equal to the spatial
dimension d, and γ∗ is the (negative) anomalous dimension. The combination of the naive
engineering dimension with the anomalous dimension yields the true scaling dimension.

In transport phenomena it is common practice to employ the exponent p instead of
zT. It describes the relation between the dephasing length `ϕ and temperature `ϕ ∝
T−1/zT = T−p/2 and is defined as

p =
2
zT

=
2

2 + γ∗
. (7.6)

The exponent p plays an important role in quantum Hall experiments since it appears
in the experimentally obtained critical exponent κ = p/2νθ = (zTνθ)−1. The two limits
are p = 1 for disordered systems, and p = 2 for clean (metallic) systems [46, 131], im-
plying that γ must lie between 0 and -1, and hence zT lies between 1 and 2 as it should.

7.1.2 The quantum Hall effect

In early scaling studies of localization it was discovered by Abrahams et al. [36] that the
conductance g(L) is a measure of the effective disorder and hence serves as the single
relevant coupling constant. Because the conductance depends on the dimension d of
the system as

g(L) = σLd−2 , (7.7)

for two-dimensional systems (d=2) the conductivity σ can be regarded as the effective
coupling constant.
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Applying the RG machinery to non-interacting electrons in two dimensions, Abrahams
et al. [36] found that all electrons are strictly localized, except for logarithmic corrections
arising from singular backscattering for weakly disordered systems. In 1983 Pruisken
and co-workers [10] discovered that a topological term in the field theory of localiza-
tion could provide the mechanism by which extended electron wavefunctions appear
in the presence of a magnetic field. Such topological excitations, called instantons, fun-
damentally alter the long-distance behavior of the theory and can not be accessed by
perturbative means. To incorporate the magnetic field in the problem, a second param-
eter was introduced which was equal to the Hall conductivity σxy. Since the quantum
Hall transitions occur at half-integer filling fractions ν∗ = k + 1

2 , the parameter σxy can
be identified with the filling factor ν by

ν− ν∗ = σxy − k− 1
2

(7.8)

The topological instanton terms σ2
xx exp(−2πσxx) enter the β-function containing fac-

tors sin(2πσxy) and cos(2πσxy), alluding to the periodicity of the two-parameter σxy -
σxx flow-diagram.

In the weak coupling limit (σ À 1) the following expressions of the β-functions were
obtained [10, 12] including both perturbative and non-perturbative (instantons) contri-
butions

βxx = β0
xx + Dσ2

xxe−2πσxx cos 2πσxy , (7.9)

βxy = Dσ2
xxe−2πσxx sin 2πσxy . (7.10)

The instanton determinant factor D was recently computed [12] and is written in Ta-
ble 7.1. The quantity β0

0 stands for the perturbative part of the expansion and is known
to order σ−1

xx . It should be remarked here that in 2D localization phenomena with a
magnetic field the scaling parameters of the RG flow diagram are the directly measur-
able transport parameters σij. This presents the unique situation that the rather abstract
RG theoretical concepts can be directly obtained from the experiment.

In RG theory one prefers to work with scaling fields rather than filling factors, which
for the quantum Hall transitions can now be written as

θ = σxy − k− 1
2

, (7.11)

σ = σxx − σ∗ + cS0(c, z) , (7.12)

where S0(c, z) [46] is an unspecified function depending on the interaction parameters c
and z (See Section 7.1.3), k is an integer indicating the Landau level and σ∗ is the critical
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Figure 7.1: (a) Renormalization group flow near a saddle point fixed point θ = σ = 0. (b) The
three-parameter RG flow diagram for the quantum Hall effect, with parameters σxx (the conductivity),
σxy (the Hall term) and an additional parameter c which regulates the range of the interaction. Notice
that in the asymptotic limit, all systems with finite-ranged interaction (c < 1) flow to the Fermi liquid
result (c = 0) in the asymptotic limit.

value of σxx. The general scaling form of the singular part of the free energy fs is given
by

fs(θ, σ) = L−d fs(L1/νθ θ, L−|yσ |σ) . (7.13)

From this, we conclude that the relevant critical exponent is ν−1
θ since it is positive,

while yσ is the critical exponent of the irrelevant field σ.

Fig. 7.1 (a) shows the flow lines in the vicinity of the critical fixed point. Flow lines
associated with the scaling field σ flow towards the fixed point (denoted by

⊗
) in the

limit L → ∞ and are therefore irrelevant. The relevant flow goes away from the fixed
point in the direction of ±θ and is described by its associated exponent ν−1

θ .

7.1.3 Interactions at finite T: the γ-function

To incorporate the effects of electron-electron interaction, a third parameter c which
acts as the interaction crossover parameter was introduced in the theory. It describes
the range of the interaction between the electrons, with c = 0 the free-electron limit,
and c = 1 the infinitely-ranged Coulomb limit. All interactions c < 1 are finite-ranged.

Apart from the range c of the interaction, the strength of the interaction is described
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by a parameter z, more formally called the singlet interaction amplitude. Together, c and
z completely control the electron-electron interaction. The length-scale behavior of the
interaction parameters c and z is captured by the γ-flow function

d ln zc
d ln L

= γ(σxx, σxy, c) . (7.14)

The anomalous dimension γ∗ of the electron-electron coupling zc at the critical point is
defined as γ∗ = γ(σ∗, 1

2 , 1). This parameter is used in obtaining the value of the expo-
nent p (Eq. (7.6)).

Figure 7.1 (b) shows the three-parameter flow diagram which incorporates the interac-
tion parameter. Note that in the asymptotic limit (L → ∞) all systems with c < 1 flow
to the Fermi liquid (c = 0) value, thereby rendering finite interactions an irrelevant
scaling field. It follows that γ is always negative, or zero for c = 0, 1. On the other
hand, for systems with infinitely-ranged Coulomb interaction the interaction remains
relevant in the asymptotic limit resulting in a non-Fermi liquid theory. Therefore, one
can distinguish two separate universality classes for the quantum Hall transitions: one
possessing a Fermi liquid fixed point for free and finite-ranged interacting particles
(c < 1), and with a critical index close to νθ ≈ 2.34, and a non-Fermi liquid fixed point
for systems with Coulomb interactions (c = 1) with a critical exponent νθ ≈ 1 as de-
duced in Chapter 6.

While numerical (and experimental) results have often based themselves on the free-
electron model, it was recently demonstrated theoretically [46] that Coulomb interac-
tions actually do lead the system into a different universality class. In practice, this
means that the critical exponents associated with the transitions are different for a sys-
tem with Coulomb-interactions (as in a real sample) as opposed to the free-electron
model. As we have seen, our results in Chapter 6 do, in fact, support this.

7.2 Universal scaling functions

In Chapter 5 an exact formulation of the disentangled resistivity components ρ0(X) and
ρH(X, η) in the critical regime was deduced, where X and η are the two independent
scaling variables. X and η are, in fact, intimately related to the scaling fields θ and σ

(Eqs. (7.11) - (7.12)). In our notation we shall refer to θ and σ when speaking about
the theoretical scaling results which are written as a function of length L, while keeping
X and η as the scaling variables for the experimental results, which generally depend
on temperature T (or frequency ω) rather than L, and contain the characteristic tem-
perature scales T0 and T1. Because finite T measurements inherently carry interaction
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effects, the variables X and θ, and η and σ cannot be simply interchanged.

Converting the disentangled resistivity components to conductivities by means of stan-
dard tensor inversion, one obtains to first order in X and η:

σ0(X, η) =
e−X

1 + 2ηe−X + e−2X (7.15)

σH(X, η) =
1 + ηe−X

1 + 2η e−X + e−2X , (7.16)

with

X =
(

T
T0

)−κ

∆ν , η = ±
(

T
T1

)ỹσ

. (7.17)

Eqs. (7.15) - (7.16) are called universal scaling functions, because they apply to all quan-
tum Hall transitions in the critical regime. The universality resides in the form of the
functions, as well as in the values of κ and ỹσ which are contained in X and η. We
distinguish here between the theoretical irrelevant exponent yσ and the experimental
exponent ỹσ. The latter results from the irrelevant RG flow in T, rather than in L. The
parameters which vary for different samples and Landau levels are ν∗ (the critical fill-
ing factor, ν∗ = 1

2 + k with k the Landau level index) and the temperatures T0, T1 that
define the characteristic energy scales of the critical and scaling regime respectively.

The scaling behavior of the quantum Hall effect is to a large extent controlled by two
distinctly different symmetries which are included in Eqs. (7.15) - (7.16).

• Particle-hole symmetry. It is easily shown that Eqs. (7.15) and (7.16) satisfy the
following relations:

σ0(X, η) = σ0(−X, η) (7.18)

σH(X, η) = 1− σH(−X, η) (7.19)

This indicates that the line σH = 1
2 generally appears as an axis of symmetry in

the σ0, σH conductance plane.
• Periodicity in σH. The statement that quantum Hall transitions are periodic means

that the scaling results for adjacent quantum Hall plateaus σH = k and k + 1 can
be obtained by the transformation

σ0(X, η) → σ0(X(k), η(k)) (7.20)

σH(X, η) → σH(X(k), η(k)) + k (7.21)

Here, X(k) and η(k) retain their original meaning except for a change in the critical
filling factor ν∗ → ν∗ ± k, as well as in the temperature scales T0 → T(k)

0 and
T1 → T(k)

1 which are determined by the detailed microscopic properties of the
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electron gas. These quantities are generally different for different Landau levels,
and for different samples. More specific, Eq. (7.17) becomes

Xk =
ν− ν∗k
ν

(k)
0 (T)

=
ν− ν∗k(

T/T(k)
0

)κ , (7.22)

ηk = ±
(

T/T(k)
1

)ỹσ

. (7.23)

7.2.1 Experimental: T-dependent flow

We are now able to compare the T-driven flow lines derived from Eqs. (7.15) - (7.16) of
the PI transition with the experimentally obtained flow lines of Wei et al. [37, 99] of the
PP transitions. This is done in Fig. 7.2. The important difference between both plots is
that close to the critical point the flow lines of the PI transition flow straight upward
until they reach the semicircle, and then divert to the strong coupling fixed points (k, 0)
with trajectories along the semicircle. In the PP transition case, on the other hand, Wei et
al. found that from T ≈ 10− 4 K the curves initially flow towards the semicircle, while
from T ≈ 4 K σ∗ decreases again to about 0.4 e2/h at 0.5 K. It was proposed at that
time that the T-dependence of σ∗ in the high T-regime (4-10 K) was due to Fermi-Dirac
broadening (Eq. (4.3)), and that scaling only took place below a ‘critical temperature’
T ≤ T∗ (similar in meaning to T1) where σ∗(T∗) obtained its maximum value [14, 37].
One therefore expected a T-dependent decrease of σ∗ with lowering of T, although this
was not really motivated by physical principles.

At that time Wei et al. were unaware of the detrimental effects of macroscopic inho-
mogeneities and therefore partly misinterpreted the σ∗(T) behavior. The decrease in
conductivity of the PP transitions is more likely due to macroscopic density inhomo-
geneities within the sample rather than a manifestation of criticality (Section 6.5). In
contrast, the derived flowlines of Eqs. (7.15) - (7.16) in Fig. 7.2 neatly follow the predic-
tions of the early scaling ideas by Pruisken [23], with the starting point for scaling T1 at
around σ0.

The starting point for scaling σ0 is defined as the maximum of σxx according to Eq. 2.31
assuming short-ranged white noise (λ=0) disorder and using the self-consistent Born
approximation [52]. Note that for the PI transition (k = 0) σ(0)∗ lies below the ‘uni-
versal’ value σ∗ = 1/2. For the first PP transition (ν : 1 → 2) it is the same starting
point because this transition is simply the other spin component (n = 0 ↓) of the lowest
Landau level. For higher PP transitions, with k = 1, 2, . . ., σ∗k yields values greater than
1/2. In Eq. (7.17) this merely implies that the sign of η is arbitrary.
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Figure 7.2: Comparison of T-dependent flow lines for the PI (left) and PP (right) n = 0 transi-
tions. The PI flow lines are calculated from Eqs. (7.15) - (7.16) using the experimental parameters
κ = 0.57, ỹσ = 2.4, T0 = 190, T1 = 9.2 (cf. Table 6.4). The temperature range plotted here is
T = 9.0− 0.01 K. The experimentally highest measured temperature (4.2 K) is indicated by a dashed
line. The figure shows clearly that the flow lines emerge from the SCBA curve σ0

ij (dotted line) where
T ≈ T1, and which serves as a starting point for scaling [23]. The PP curves (right) are the experimental
flow lines taken from Ref. [99]. The dashed lines are from 10 to 4.2 K and the full lines from 4.2 to 0.5 K.

7.3 Summary of theoretical results

In the following we will limit ourselves to the free electron situation (c=0) which gen-
erates a Fermi liquid fixed point and the infinite-ranged Coulomb interaction problem
(c=1) which results in a non-Fermi liquid fixed point. Intermediate values of the inter-
action crossover parameter 0 < c < 1 at finite length scales flow to the Fermi liquid
fixed point c=0 in the asymptotic limit L → ∞.

The flow functions specifying the renormalization in each direction of Fig. 7.1 are de-
fined as

dσxx

d ln L
= βxx(σxx, σxy, c) , (7.24)

dσxy

d ln L
= βxy(σxx, σxy, c) , (7.25)

d ln zc
d ln L

= γ(σxx , σxy, c) . (7.26)

The explicit form of the flow functions have been derived to second loop order by
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Pruisken and co-workers [8, 10, 12, 23] and are written as

βxx = −
[

β0
xx(c) +

β1
xx(c)
σxx

]
− D(c)σ2

xxe−2πσxx cos 2πσxy , (7.27)

βxy = D(c)σ2
xxe−2πσxx sin 2πσxy , (7.28)

γ = − γ0

σxx
− Dγ(c)σ2

xxe−2πσxx cos 2πσxy . (7.29)

Here β0
xx, β1

xx and γ0 are c-dependent constants, and D and Dγ are the instanton deter-
minant factors of which the values are given in Table 7.1. The functions are plotted as
function of σxx for various discrete values of σxy and c in Fig. 7.3.

The equations 7.25 and 7.28 show that the Hall conductivity σxy does not renormalize
for σxy = k and σxy = k + 1

2 . Furthermore, for σxy = k the functions βxx and γ are always
negative (See Fig. 7.3 (c-d)), denoting strong coupling fixed points in the asymptotic
limit at (k, 0) in the σxy - σxx plane. These points correspond to the quantized plateaus
(k > 0) of the quantum Hall effect, as well as the insulating state (k=0) where the 2DEG
is strongly localized.

The situation σxy = k + 1
2 is different from σxy = k in that, depending on the value of D,

a change of sign of βxx is possible (Fig. 7.3 (a)). When βxx = βxy = 0 it indicates a fixed
point since both σxy and σxx do not change upon an increase in length scale. In general,
therefore, the fixed point is found by setting

βxx

(
σ∗, k +

1
2

, c∗
)

= 0 . (7.30)

For the free-electron problem (c=0), the additional condition is that γ(σ∗, k + 1
2 , 0) = 0.

The value of σ∗ can be found by solving Eq. (7.27) with the correct value of D. For
the non-interacting system, this yields σ∗ ≈ 0.88 [12]. As seen from Fig. 7.3 (a) the
value for D(1) for the two-loop calculation does not result in a fixed point (i.e. βxx

remains negative for all σxx), so higher-order instanton terms (∼ σ2e−2πσ) need to be
included in Eqs. (7.27) - (7.29). Note that even for the free-electron problem, the above
mentioned results have only been calculated to second-order loop. In the interaction
problem, many higher-order loop terms need to be included in order to obtain a suffi-
cient convergence of the β-function around the fixed point [44]. Due to these difficulties
numerical calculations have not yet been accomplished.

In terms of the scaling fields θ and σ (Eqs. (7.11) - (7.12)) the RG equations near the fixed
point can be diagonalized as follows:

dσ

d ln L
= yσσ ,

dθ

d ln L
= ν−1

θ θ ,
d ln zc
d ln L

= γ∗ , (7.31)
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Figure 7.3: a) Theoretical results for βxx at the critical point (ν∗, σxy = 1/2) for c = 0, 1. To second-
order loop calculations Coulomb interactions (c = 1) do not generate a fixed point. b) The relevant
critical exponent ν−1

θ is found at σ∗ from Eq. (7.31). c) The β-function at the strongly localized quantum
Hall plateaus. The interaction case is always more strongly negative than the free-electron case. d) The
γ-function Eq. (7.29).
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and the critical exponents are found at the fixed point (FP)

ν−1
θ =

dβxy

dσxy

∣∣∣∣
FP

, yσ =
dβxx

dσxx

∣∣∣∣
FP

, γ∗ = γ
∣∣∣

FP
, (7.32)

The fixed point for the free electron problem (c=0) is indicated by a dot in Figs. 7.3 (a-b).
The values of νθ and yσ are listed in Table 7.1 and compare very well with numerical
calculations [40, 141].

The value of γ∗ in the interaction case allows one to calculate the exponent p . Moreover,
it was shown in Ref. [12, 46] that the specific heat cv is also subject to scaling behavior

cv = zTC1(z, c, T, θ, σ) + (zcT)pC2(z, c, T, θ, σ) , (7.33)

with C1, C1 two unspecified functions. For finite interactions and with p > 1, the specific
heat shows the well-known Fermi liquid behavior in the limit of low temperatures T →
0

cv ∝ T , c < 1 . (7.34)

Forthe infinitely-ranged Coulomb interactions, however, it was shown in Ref. [46] that
the first term in Eq. (7.33) vanishes, and hence a non-Fermi liquid behavior of the spe-
cific heat results

cv ∝ Tp , c = 1 . (7.35)

Hence, measurements of the specific heat of the 2DEG would determine the real value
of p and implicitly reveal the value of νθ . Unfortunately, an experimental determination
of the specific heat of 2DEG systems is fraught with difficulties, and has so far not been
accomplished for this specific purpose [142].

The dephasing length `ϕ induced by a finite temperature T or frequency ω in the
Coulomb interaction problem is

`ϕ(T) = (zT)−p/2 (7.36)

`ϕ(ω) = (zω)−p/2 (7.37)

with the associated scaling forms of the conductivities

σij = fij[(zT)κ(ν− ν∗)] (7.38)

σij = fij[(zω)κ′(ν− ν∗)] (7.39)

with the exponent κ′ = κ = p/2νθ .
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D(c) Dγ(c) σ∗xx νθ yσ γ∗ p κ |ỹσ|
c = 0 18.49 9.25 0.88 2.76 -0.17 0 1.0 0.18 0.085
c = 1 13.36 2.23 – – – – – – –
Num. 0.5 2.34 -0.38 – – – –
Exp. – – 0.5 0.9 – 1.8 -2.4 – -4.8 -1 – 0 1 – 2 0.57 2.4

Table 7.1: Theoretical [12], experimental(Chap. 6) and numerical [40, 141] critical values for the free-
electron case (c = 0) and the Coulomb interaction case (c = 1). Note that the single-loop perturbative
result for the Coulomb interaction case does not lead to a critical point. See also Fig. 7.3. The experimental
exponents κ and ỹσ are obtained by multiplying ν−1

θ and yσ respectively with a factor p/2.

7.3.1 Modular group Γ0(2) approach

A different approach to the quantum Hall β-functions is by means of the so-called
Γ0(2) modular group [143, 144] which stems from N = 2 supersymmetric Yang-Mills
theory [145]. By introducing the complexified conductance τ = σxy + iσxx, and mak-
ing use of the modular transformations translation τ → Tτ = τ + 1 and inversion
τ → Sτ = −1/τ, one can easily obtain the phenomenological symmetries T (Landau
level addition) and ST2S (flux-attachment). Together with particle-hole symmetry they
make up the symmetries of the corresponding states [125] which state that any point on
the σxy - σxx complex plane can be related to equivalence points γτ by transformations
γ ∈ Γ0(2). The modular group Γ0(2) is a subgroup of SL(2, Z) and is itself generated
by T and ST2S.

The critical fixed point of the PI transition is located at (σ∗xy, σ∗xx) = ( 1
2 , 1

2 ), or τ∗ = 1+i
2 on

the complex plane. The β-functions β(τ, τ̄) are then constructed by linear expansions
around τ∗ with the requirement that the transformation τ → γτ obeys the symmetry
restrictions imposed by Γ0(2). Functions obeying such restrictions are termed automor-
phic functions and are constructed from elliptic theta functions ϑ(0|τ).

While recently some experiments have been conducted claiming the validity of this
approach [146, 147], it is a phenomenological theory which according to its main pro-
ponent “still lacks a microscopic basis” [143]. It is moreover incompatible with the in-
stanton approach (which is build on microscopic fundamentals) advocated by Pruisken
et al. [7–9, 46]. As seen from Eqs. (7.27) - (7.25) the latter contains non-perturbative con-
tributions to the conductances which are proportional to σ2

xx exp(−2πσxx) and which
do not occur in Γ0(2). Furthermore, unlike the Γ0(2) scheme, the β-functions of the
instanton theory offer a natural way to incorporate the interactions through the param-
eter c.
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7.4 The experimental β-functions

In order to relate the experiment to the theoretical β-functions, an extra hurdle needs
to be overcome. Namely, while the original β-functions are presented in terms of a
dependence on L, the actual scaling parameter in the experiment is the temperature T.
As was shown in Section 7.3, the correspondence between temperature and length scale
for systems with Coulomb interactions (c=1) is L ∝ (zT)−p/2. Hence, we find

d ln L
d ln zT

∝ − p
2

=
−1

2 + γ
, (7.40)

and so the experimental β-functions β̃ij differ from the theoretical β-functions by a fac-
tor −(2 + γ)−1.

β̃xx(σxx, σxy) =
dσxx

d ln zT
=

dσxx

d ln L
· d ln L

d ln zT
=
−βxx(σxx, σxy)
2 + γ(σxx, σxy)

(7.41)

β̃xy(σxx, σxy) =
dσxy

d ln zT
=

dσxy

d ln L
· d ln L

d ln zT
=
−βxy(σxx, σxy)
2 + γ(σxx, σxy)

(7.42)

To obtain the explicit expressions for β̃xx and β̃xy we first solve for the scaling variables
X and η

X = Φodd(σxx , σxy) ; η = Φeven(σxx, σxy) , (7.43)

where

Φeven(σxx, σxy) =
1
2 −

√
(σxy − 1

2 )2 + σ2
xx

σxx
, (7.44)

Φodd(σxx, σxy) = ln
(

σxy − σxxΦeven

σxx

)
. (7.45)

Notice that

Φeven(σxx, σxy) = Φeven(σxx, 1− σxy) (7.46)

Φodd(σxx, σxy) = −Φodd(σxx, 1− σxy) (7.47)

Apparently we have

dΦodd

d ln T
= −κΦodd (7.48)

dΦeven

d ln T
= ỹσΦeven (7.49)

such that Φodd and Φeven can be identified as the scaling fields in the problem. Note that
the relevant scaling field Φodd exponent in these RG equations has a negative exponent
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−κ while the irrelevant scaling field Φeven has a positive exponent. This is because the
asymptotic limit, L → ∞ in the theoretical case, now becomes T → 0 in the experimen-
tal case, and hence the sign of the exponent changes.

The experimental β̃-functions in the interval 0 ≤ σxy ≤ 1 are now obtained as follows
(cf. Appendix C for the derivation)

β̃xx(σxx, σxy) = +2σxx

[
κ(σxy − 1

2
)Φodd − ỹσσxxΦeven

]
(7.50)

β̃xy(σxx, σxy) = −2σxx

[
κ(σxx +

1
2

Φeven)Φodd + ỹσ(σxy − 1
2
)Φeven

]
(7.51)

It is readily established that the result satisfies particle-hole symmetry as it should be

β̃xx(σxx, σxy) = β̃xx(σxx, 1− σxy) (7.52)

β̃xy(σxx, σxy) = −β̃xy(σxx , 1− σxy) (7.53)

Making use of the statement of periodicity in σxy, we extend the expressions for β̃ to
include the entire range of σxy, i.e.

β̃
(k)
xx (σxx, σxy) → β̃xx(σxx, σxy + k) (7.54)

β̃
(k)
xy (σxx, σxy) → β̃xy(σxx, σxy + k) (7.55)

The experimental β̃-functions at the critical line σxy = 1
2 are plotted in Fig. 7.4. We can

distinguish between three regimes. The theoretical regime is valid for σ ≥ 1 (THEOR)
and σ ¿ 0.5 (CS) which is the Chern-Simons transformed regime of weak coupling
(see Sec. 7.5). Near the fixed point, the theory diverges and the experimental result
β̃xx takes over. The value of the associated exponent can be read from dβ̃xy/dσxy at
σxx = σ∗ (Fig. 7.4b). If we take the bounds of the validity of the theory as indicated by
the up and down triangles in Fig. 7.4, we find that the experimental results aligns better
with the c = 1 theory than with the free-electron model (c=0), increasing the evidence
that the experiment lies, in fact, in the Coulomb interaction universality class. We can
interpolate between the theoretical and experimental results, each with their respec-
tive limited range of validity, to obtain the ‘complete’ integer quantum Hall β-function
(Fig. 7.6).

7.4.1 Instanton expansion of β̃xx , β̃xy

The theoretical β-functions of Eqs. (7.27) - (7.28) contain a periodicity in σxy due to
the instanton terms which is not directly obvious in their experimental counterparts
(Eqs. (7.50) - (7.51)). In order to explicitly find this periodicity, we can write β̃xx and β̃xy
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Figure 7.4: a) The T-dependent βxx function at the critical point ν∗(σxy = 1/2) consisting of the
theoretical instanton result (THEOR, c = 1) and its Chern-Simons mapped result (CS) as well as the
experimental results (EXP, open circles). For comparison, the theoretical free-electron results (c = 0) are
indicated by a dashed line. Critical fixed points occur where βxx = 0. b) −dβxy/dσxy at σxy = 1/2.
The value of the curve at σ∗xx determines κ. The black dots indicate the point (σ∗xx , κ) for each curve.

in terms of a Fourier expansion, similar to the expansion of the renormalized conduc-
tances in Ref. [148],

β̃xx = β0
xx + ∑

n=1
fn(σxx) cos(2πnσ0

xy) , (7.56)

β̃xy = ∑
n=1

gn(σxx) sin(2πnσ0
xy) . (7.57)

The coefficients fn, gn are solely functions of the dissipative conductances σxx and are
found by standard Fourier transform techniques

fn(σxx) =
∫ 1

0
β̃xx(σxx, σxy) cos(2πnσ0

xy)dσxy , (7.58)

gn(σxx) =
∫ 1

0
β̃xy(σxx, σxy) sin(2πnσ0

xy)dσxy . (7.59)

Note, however, that for the theoretically derived β-functions (Eq. (7.25)) σxy does not
renormalize at integer values since the quantum Hall plateaus are strong-coupling fixed
points. In other words, βxy = 0 for σxy = k. For the experimental case, however,
β̃xy(σxx, k) 6= 0, depending on the value for σxx. Therefore, the Eqs. (7.50) - (7.51) are
only valid near the critical fixed point. This limited validity of Eqs. (7.50) - (7.51) implies
that it is not possible to obtain the correct values for the coefficients fn and gn either,
since the limits of the integral used to derive them (Eqs. (7.58) - (7.59)) are from σxy = 0
to 1, which is beyond the validity of β̃xy.
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7.5 Towards the fractional state: Chern-Simons mapping

To link the conductivities of the integer quantum Hall effect to the fractional quantum
Hall effect one employs the so-called Chern-Simons transformation. The Chern-Simons
mapping, also known as ‘flux-attachment transformation’, is an element of the mod-
ular group Γ0(2) which is itself a subgroup of SL(2, Z). In Section 7.3.1 we already
mentioned the fact that Γ0(2) symmetries do not generate the instanton contributions
to the conductivity which become important near the critical point. Moreover, due to
the divergence of the correlation length, the conductances are expected to be broadly
distributed in this regime (conductance fluctuations) resulting in additional complica-
tions in the relation between averaged and measured conductances [7]. Furthermore, it
was shown that CS transformations for the free-electron case (c=0) lead to a divergence
of the local density of states [7], making Coulomb interactions a necessary ingredient
of the theory. However, in regions away from the critical point, we may use the Chern-
Simons mapping to find the behavior of fractional states based on our experimental
conclusions on integer plateau transitions. The mapping becomes exact in the limit
σxx → ∞.

When the conductivity is represented as a complex value σ = σxx + iσxy in the com-
plex upper half plane, the Chern-Simons mapping can be written as σ → σ

2σ+1 . Phys-
ically, this boils down to attaching two flux quanta to every electron, thereby creating
quasi-particles with fractional charge and fractional statistics. The general formulae for
transforming a point (σxy, σxx) to a point (σCS

xy , σCS
xx ) are written as [7]

σCS
xx =

σxx

(2pσxx)2 + (2pσxx + 1)2 , (7.60)

σCS
xy =

1
2p

[
1− 2pσxy + 1

(2pσxx)2 + (2pσxx + 1)2

]
, (7.61)

with p an integer. For instance, to transform the integer PI transition (ν = 1 → 0) to the
fractional case (ν = 1

3 → 0) one takes p = 1.

It is interesting to see how the σxy - σxx flow around the critical point, experimentally
obtained from the PI transition, would transform to the fractional case. In Ref. [7] a uni-
fying renormalization-group diagram for integral and fractional quantum Hall states
was proposed which is depicted in Fig. 7.5 (bottom-right).

We are now able to construct the complete flow-diagram including the experimental
and theoretical curves and Chern-Simons mapped conductance flows. For that reason
we derive the Chern-Simons transformations of the theoretical β-functions which are
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Figure 7.5: Top: Theoretical (thin) and experimental (thick) flow lines around the critical fixed point⊗
using ±η. Bottom: Unified scaling diagram for integral and fractional quantum Hall states, using
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valid in the weak coupling limit using Eqs. (7.27) - (7.28) and Eqs. (7.60) - (7.61).

βCS
xx (σCS

xx , σCS
xy ) = βxx

∂σCS
xx

∂σxx
+ βxy

∂σCS
xx

∂σxy
(7.62)

βCS
xy (σCS

xx , σCS
xy ) = βxx

∂σCS
xy

∂σxx
+ βxy

∂σCS
xy

∂σxy
(7.63)

For the line σxy = 1
2 and p = 1 we obtain [149]

σCS
xx =

1
4σxx

(7.64)

βCS
xx =

8
π

(σxx)2 − D
4

exp
(
− π

2σxx

)
(7.65)

γCS = − 4
π

σxx +
Dγ

4σxx
exp

(
− π

2σxx

)
(7.66)

In order to be able to compare these theoretical results for low σxx with the experimental
results obtained from the T-dependent data we have to convert our β-function Eq. (7.65)
in a similar manner as Eq. (7.50), i.e.

β̃CS
xx (σxx, σxy) =

βCS
xx (σxx, σxy)

2 + γCS(σxx, σxy)
(7.67)

The results are plotted in Fig. 7.5. In the top figure, depicting the integer transitions, the
theoretical flow lines of the weak coupling limit flow downwards from the top along
parallel trajectories. The thick lines in the middle around the critical point are the ex-
perimentally obtained flow lines (Eqs. (7.15) - (7.16)) with the irrelevant scaling field
±η. Finally, the lines sprouting from (σxy, σxy) = ( 1

2 , 0) are the Chern-Simons mapped
theoretical flow lines of the weak coupling limit.

The two plots below in Fig. 7.5 show how upper plot (PI transition) transforms as a
whole to the 1

3 → 0 fractional PI transition through Chern Simons mapping. Most no-
ticeable is that the critical fixed point for this transition does not lie at the maximum of
σxx. Again, the thick lines represent the curves obtained from experimental parameters.
In all, the curves represent a convincing confirmation of the theoretical unifying scaling
diagram.

7.6 Conclusion: Integrating theory and experiment

In this chapter we were able to construct unifying scaling functions of the integer tran-
sitions in the quantum Hall effect based on the experimental results of Chapter 6. From
the T-dependent flow lines it was concluded that the experimentally measured flow
lines of the PP transition by Wei et al. [37] deviated from the universal picture and that
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this was due to inhomogeneities rather than the T-dependence of the Fermi-Dirac dis-
tribution, which was the conclusion by Wei et al. [37].

Having determined the T-dependence of the conductance components we proceeded to
determine the actual β-functions from the universal scaling functions. These were com-
pared with the theoretical β-functions, where it appeared that the experimental curves
are more akin to the theoretical curves with interaction parameter c = 1 (Coulomb
interactions) than the theoretical curves with c = 0 (free-electron model). One can con-
clude, therefore, that the experimental results belong to a non-Fermi liquid universality
class.

Because the β-function βxx at σxy = 1
2 is known either theoretically, experimentally or

by Chern-Simons mapping for most values of σxx one can actually interpolate between
the results to construct the complete β function. Such an attempt is made in Fig. 7.6. The
resulting function is characterized by a quadratic increase ∼ σ2 for σxx ≈ 0, followed
by a peak around σxx = 0.5 and a sharp semi-linear decrease. It crosses 0 at σ∗ = 1

2 ,
reaching a minimum of about −0.5 at around σxx ≈ 0.8 from where it merges into the
weak coupling limit βxx ∝ σ−1

xx for σxx → ∞. Furthermore, using the Chern-Simons
mapping, the universal scaling diagram was verified.

0 1 2 3 4
-0.4
-0.2
0.0
0.2
0.4  nFL (c = 1, EXP)

 FL   (c = 0)
 

 

β xx
int

erp
.

σ
xx

Figure 7.6: The interpolated T-dependent βxx-function for c = 1 at σxy = 1
2 . For comparison, the

theoretical free-electron result to second-loop order is also shown.



8
MACROSCOPIC

INHOMOGENEITIES AND THE

PLATEAU-PLATEAU TRANSITION

In this chapter we discuss the influence of macroscopic carrier density gradients on the
transition widths of the higher Landau level (PP) quantum Hall transitions. By using a
semi-analytical approach we find that a density gradient in the order of 3% can explain
the observed non-universality of κ.

8.1 Introduction

Chapters 5 and 6 have shown that the effects of small macroscopic inhomogeneities can
be effectively kept under control for the PI transition. For the PP transition, however,
the stretch tensor formalism loses its validity because the general equations describing
the transport coefficients, Eqs. (6.20) - (6.21), are much too complicated for simple sym-
metry considerations to be effective.

Recently, Karmakar et al. [106] employed a series expansion to first order to analytically
investigate the PP transitions in the presence of density gradients. Their method was
based on the assumption that the spatial extent of the macroscopic inhomogeneities is
typically much larger than any of the micro- and mesoscopic length scales in the prob-
lem of transport in two-dimensional electronic systems. Under these circumstances one
can apply ordinary electrodynamics and assume phenomenological transport equa-
tions with slowly varying, position-dependent transport coefficients in order to de-
scribe the transport process. The approach of Karmakar et al. is similar to the one
by Bate and Beer [150] who used it in the early 1960’s to explain resistivity measure-
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ments of inhomogeneous semiconductors. In this chapter we will expand the method
of Karmakar et al. to quadratic and cubic order terms and investigate the influence of
macroscopic density gradients on the critical behavior of the PP transitions.

8.1.1 Characteristic features of PP transitions

The critical fixed point ν∗ for the PI transition can easily be identified as the crossing
point of the ρ0 curves. Since the Hall resistance remains quantized at ρH = h/e2 for
this transition (neglecting corrections to scaling η(T)) the longitudinal resistance takes
care of the relevant scaling behavior. For the PP transitions the situation is a bit more
complicated, since both ρxy and ρxx change their values in the course of the transition,
so that the true critical aspects are hidden in a combination of their shapes.

The critical point of the PP transition is determined by the location of σ∗, the maximum
of the σxx peak. In a Hall bar geometry the σij curves are determined by Eq. (2.19) so
that a slight difference in the critical point of the ρxy and ρxx curves result in an ill-
defined value of σ∗. It was shown in Chapter 6 that spatial inhomogeneities lead to a
temperature dependent σ∗ behavior, while the resistance curves displayed no identifi-
able crossing point. Several features of the PP transitions which distinguish them from
the PI transitions are:

• Temperature dependence of σ∗. While the PI transition does not show any tem-
perature dependence in the peak of the σxx curve, due to the quantization of ρH,
the PP transition usually exhibits a reduced peak height σ∗ < 0.5 e2

h with decreas-
ing T.

• Asymmetric flowdiagrams. As a result of the temperature dependence of σ∗, the
resulting flowdiagrams obtained from the different voltage contacts are generally
not symmetric and do not average out to a perfect semicircle with a maximum at
(σH , σ0) = ( 1

2 , 1
2 ) (cf. Fig. 6.9).

• Lower value of critical exponent κ than the PI transition. Our results in Chap-
ter 6 have shown that the obtained κ value for the k = 1 PP transition is system-
atically lower than for the PI transition while at the same time the corresponding
T0 value is much greater than what would be expected on theoretical grounds (cf.
Table 6.4).

8.2 Series expansion

The procedure of finding the experimental resistivities ρt,b
xx , ρl,r

xy is similar to the method
described in Section 5.3.2. The definitions of the Hall bar measures used in this chapter
are likewise based on the notation in Ref. [27].
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A resistivity measurement generally produces the average value of the resistivity of the
sample

ρmeas. =
∫ ∫

dxdy ρ(x, y) f (x, y) , (8.1)

where ρ(x, y) is the local resistivity and f (x, y) is a weighting function which measures
the sensitivity of the measurement to the local resistivity. Since f (x, y) depends on the
exact geometry of the sample as well as on the magnetic field strength, it is generally
quite difficult to calculate [151, 152]. In our analytical method, therefore, we shall ap-
proximate the local resistivity ρij(x, y) by a series expansion in x and y and use standard
electrostatics to calculate the voltage drop over the pairs of Hall bar contacts. The first
step is to write the spatial dependence of the resistivity coefficients as an expansion in
x and y,

ρxx(x, y) = ρ0
0(1 + αxx + αyy + αxxx2 + αyyy2 + αxyxy + . . .) , (8.2)

ρxy(x, y) = ρ0
H(1 + βxx + βyy + βxxx2 + βyyy2 + βxyxy + . . .) , (8.3)

with ρ0
0, ρ0

H defined as ρ0(0, 0) and ρH(0, 0) respectively. A third-order expansion merely
adds the four extra terms x3, x2y, xy2, y3 with the associated coefficients αijk, βijk with
i, j, k = x, y.

The Hall angle

The relations E = ∇V and E = σj in electrostatics imply that in the absence of a mag-
netic field the equipotential lines are perpendicular to the current direction. However,
in an external magnetic field the angle between the current and the electric field is given
by the Hall angle ϑH. The parameter ΘH(x, y) is the tangent of the Hall angle

ΘH(x, y) = tan ϑH(x, y) =
ρxy(x, y)
ρxx(x, y)

. (8.4)

Due to the spatial dependence of ρij, the value of ΘH is also spatially dependent. At the
center of the Hall bar we have Θ0

H = ΘH(0, 0).

From Eqs. (6.20) - (6.21) we obtain

ΘH(x, y) = k + η(1 + 2k) + ke−X̃ + eX̃ , (8.5)

with X̃ = X(x, y) the local scaling variable, and k the quantum Hall index. From Fig. 8.1
we see that the value of ΘH changes rapidly as one progresses through the transition.
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Figure 8.1: ΘH , tangent of the Hall angle ϑH for two different temperatures T = 0.14 (solid) and
T = 1.4 K (dashed), using T0 = 115, κ = 0.57. ΘH diverges strongly away from the critical point ν∗.

8.2.1 Current

The local DC current density j(r) may in principle flow anywhere in the bulk of the
sample as long as certain local and macroscopic constraints are satisfied. The conserva-
tion of charge is expressed by the continuity equation

∇ · j = 0 , (8.6)

which implies that the total electric current J through the Hall bar is constant and inde-
pendent of coordinate x along the channel of the Hall bar. The condition for having a
stationary state can be expressed using Maxwell’s equation ∂B/∂t = ∇× E = 0 result-
ing in

∇× j = (∂yρ0 − ∂xρH)jx − (∂xρ0 + ∂yρH)jy . (8.7)

A simplification can be introduced by writing the current density in terms of a scalar
field Φ, so that (jx, jy) = (∂yΦ,−∂xΦ). Gauge invariance enables us to choose any field
Φ 7→ Φ + Ψ, with ∇2Ψ = 0, so that the current density can be written as

ji = εij∂jΦ + ∂iΨ , (8.8)

where εij is the 2× 2 asymmetric tensor.
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We can then express Eqs. (8.6) - (8.7) in terms of a single differential equation for the
scalar field Φ alone,

∇2Φ = C(r)
∂Φ
∂x

+ D(r)
∂Φ
∂y

, (8.9)

with coefficients C(r) and D(r) depending on the distribution of the inhomogeneities
in the sample

C(r) = − 1
ρ0(x, y)

(
∂ρ0(x, y)

∂x
− ∂ρH(x, y)

∂y

)
, (8.10)

D(r) = − 1
ρ0(x, y)

(
∂ρ0(x, y)

∂y
+

∂ρH(x, y)
∂x

)
. (8.11)

Eq. (8.9) is an elliptic partial differential equation (PDE) that turns into Laplace’s equa-
tion for homogeneous samples, when C(r) = D(r) = 0. For inhomogeneous sys-
tems, the PDE is generally non-linear. The exception is the PI transition, where near-
quantization of ρH implies ∂xρH = ∂yρH ≈ 0 that allows simplification of C(r) and
D(r) and enables an analytical solution of the problem, as was done in Chapter 5. The
weak localization limit also allows an analytical solution of Eq. (8.9) [106]. The most
straightforward approach of tackling non-linear PDEs, however, is to employ numeri-
cal methods as was recently done by Ponomarenko [27] for this specific problem.

At the edge, the boundary condition for the transverse current density is

jy = 0 , y = ±y0 . (8.12)

In the numerical approach, this can be solved by setting Φ(x,±y0) = ct,b, with ct,b con-
stants. For a total current equal to unity we can set cb = 0 and ct = 1 [27]. In our
analytical approach, however, it implies that all the terms in Φ containing a factor xn

(with n = 1, 2, . . .) must include the factor ỹ2 ≡ 1
2

(
y2 − y2

0
)
. The most difficult part of

the series expansion method is to find a suitable Φ which satisfies all the above bound-
ary conditions. The results for the first three orders of Φ and jx,y are listed in Table 8.1.

8.2.2 Electrostatics

The electric field components Ex, Ey are calculated by plugging the expressions for
ρxx, ρxy (Eqs. (8.2)-(8.3)) and jx, jy from Table 8.1 into the transport equations,

Ex(x, y) = ρxx jx − ρxy jy = j0
xρ0

0(1 + αxx + αyy + . . .)(a + ayy + . . .) (8.13)

Ey(x, y) = ρxy jx + ρxx jy = j0
xρ0

0(1 + βxx + βyy + . . .)(a + ayy + . . .) (8.14)

Since the condition Eq. (8.7) implies that ∂yEx = ∂xEy we can express the current coef-
ficients ay, axy, ayy, . . . in terms of the resistivity coefficients αij, βij and Θ0

H. The results
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are listed in Table 8.2

Since jy(x,±y0) = 0, one may find the total current by integrating the current density
over the width of the sample I =

∫
dy jx. In terms of I, the current density j0

x is then
rewritten as

j0(1)
x =

I
2y0

(8.15)

j0(2)
x = j0(3)

x =
I

2y0

(
1− 1

3
ayyy2

0

)
(8.16)

Next, the voltage differences Vt,b
x and V l,r

y are obtained from integrating E over the
distances between the voltage contacts, i.e. over respectively the length 2x1 and the
width 2y0 of the Hall bar. As a consistency check, Kirchoff’s law demands

V l
y + Vt

x + Vr
y + Vb

x = 0 . (Kirchoff) (8.17)

The resistances as measured at the voltage contacts can now be found by dividing the
voltages by the total current Ix. The results for the first two orders are presented in
Table 8.3. The third-order results are too long to be presented here although they can
easily be computed using mathematical software such as Mathematica or Maple.

Order Expression

1 Φ(1) = j0
x

[
y + 1

2 ayy2
]

j(1)
x = j0

x(1 + ayy)
j(1)
y = 0

2 Φ(2) = j0
x

[
y + 1

2 ayy2 + 1
3 ayyy3 + 1

2 axyxỹ2
]

j(2)
x = j0

x(1 + ayy + ayyy2 + axyxy)
j(2)
y = −j0

x ỹ2axy

3 Φ(3) = j0
x

[
y + 1

2 ayy2 + 1
3 ayyy3 + 1

4 ayyyy4 + 1
2 axyxỹ2

(
1 + axx + 2

3 a(3)
y y

)]

j(3)
x = j0

x(1 + ayy + ayyy2 + ayyyy3 + axyxy + axxyx2y + axyyx(y2 + ỹ2) + a(3)
y y)

j(3)
y = −j0

x ỹ2(axy + 2axxyx + axyyy)

Table 8.1: Current expansions until cubic order. The boundary condition for jy requires the term
ỹ2 ≡ 1

2
(
y2 − y2

0
)
.
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Order Expression

1 ay = Θ0
H βx − αy

2 axy = Θ0
H(2βxx − αxβx) + αxαy − αxy

ayy = 1
2 (Θ0

H βx)2 + 1
2 Θ0

H(βxy − 3αyβx) + α2
y − αyy

3 axxy = 3Θ0
H βxxx − (αxxy + αxxay + αxaxy)

axyy = 2
3 Θ0

H

(
1
2 βxaxy + βxxy + βxxay

)
− 2

3 (αxyy + αyaxy + αxayy + αxyay)

ayyy = 1
3 Θ0

H(βxyy − 1
2 βyaxy + βxayy + βxyay)

−ayαyy − ayyαy − αyyy − 1
6 αxaxy − 1

3 axxy

a(3)
y = 1

2 y2
0(Θ0

H βyaxy + 2axxy + αxaxy)

Table 8.2: Current coefficients aijk as function of expansion coefficients αijk and βijk. The a(3)
y term is

an extra coefficient for y which only appears in third-order calculations.

Order Expression

1 ρt
xx = ρ0

0 + ρ0
H βxy0

ρb
xx = ρ0

0 − ρ0
H βxy0

ρl
xy = ρ0

H(1 + βxx1)
ρr

xy = ρ0
H(1− βxx1)

2 ρt
xx = ρ0

0(1 + 1
3 αxxx2

1 + 1
3 y2

0(αyy − α2
y + (Θ0

H βx)2)) + ρ0
H(βxy0 + 1

3 βxyy2
0)

ρb
xx = ρ0

0(1 + 1
3 αxxx2

1 + 1
3 y2

0(αyy − α2
y + (Θ0

H βx)2))− ρ0
H(βxy0 − 1

3 βxyy2
0)

ρl
xy = ρ0

H(1 + βxx1 + βxxx2
1 + 1

3 y2
0(Θ0

H βxβy + 2βxx − αxβx − βyαy + βyy))
+ 1

3 ρ0
0(αxαy − αxy)

ρr
xy = ρ0

H(1− βxx1 + βxxx2
1 + 1

3 y2
0(Θ0

H βxβy + 2βxx − αxβx − βyαy + βyy))
+ 1

3 ρ0
0(αxαy − αxy)

Table 8.3: Experimental resistivities for orders 1 and 2. x1 and y0 correspond to half the distance
between the longitudinal (Vxx) and Hall (Vxy) voltage contacts respectively. See Fig. 5.4.

8.2.3 Coefficients αijk, βijk

There are two ways to determine the coefficients αijk and βijk, the Taylor expansion
method and the least-square method. The Taylor expansion method defines the measured
resistances Rt,b

xx , Rl,r
xy in terms of the local resistances ρ0

0, ρ0
H at the center of the sam-

ple. It therefore has a natural bias towards points close to the center, while the points
ρxx(±x1,±y0), ρxy(±x1,±y0) that are most distant from the center have the biggest de-
viation from their true value.

In order to eliminate the arbitrariness of the point around which one expands, one
employs a least-square fit. Here, the local resistivity approximation of the sample is
obtained by averaging the true local resistivity values at several locations in the sample.
The various definitions of αijk are listed in Table 8.4. The coefficients βijk are identical to
αijk, apart from the replacement of ρ0 by ρH. For the Taylor expansion, the effect of the
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Order Coefficient Taylor Least-square fit

0 ρ0
0 ρ0(0, 0) ρ0 −

[
15
4

(
ρ0y2 − 1

3 ρ0

)
+ 15

4

(
ρ0x2 − 1

3 ρ0

)]

1 αx
1
ρ0

(
∂ρ0
∂X

) (
∂X
∂x

)
3ρ0x + 3

4 (26ρ0x− 15ρ0xy2 − 35ρ0x3)

αy
1
ρ0

(
∂ρ0
∂X

) (
∂X
∂y

)
3ρ0y + 3

4 (26ρ0y− 15ρ0x2y− 35ρ0y3)

2 αxx
1

2ρ0

(
∂2ρ0
∂X2

) (
∂X
∂x

)2 45
4

(
ρ0x2 − 1

3 ρ0

)

αxy
1

2ρ0

(
∂2ρ0
∂X2

) (
∂X
∂x

) (
∂X
∂y

)
9ρ0xy

αyy
1

2ρ0

(
∂2ρ0
∂X2

) (
∂X
∂y

)2 45
4

(
ρ0y2 − 1

3 ρ0

)

3 αxxx
1

6ρ0

(
∂3ρ0
∂X3

) (
∂X
∂x

)3 175
4

(
ρ0x3 − 3

5 ρ0x
)

αxxy
1

2ρ0

(
∂3ρ0
∂X3

) (
∂X
∂y

) (
∂X
∂x

)2 45
4

(
3ρ0x2y− ρ0y

)

αxyy
1

2ρ0

(
∂3ρ0
∂X3

) (
∂X
∂x

) (
∂X
∂y

)2 45
4

(
3ρ0xy2 − ρ0x

)

αyyy
1

6ρ0

(
∂3ρ0
∂X3

) (
∂X
∂y

)3 175
4

(
ρ0y3 − 3

5 ρ0y
)

Table 8.4: Definition of the coefficients αijk in terms of ∂x,yX (Eq. (8.18)) for the Taylor expansion, or
in terms of the averaged quantities ρ0, ρ0x, ρ0y, . . .

density gradient is contained in the spatial derivatives of X, which are given by

∂X
∂x

=
νx

ν0(T)
,

∂X
∂y

=
νy

ν0(T)
. (8.18)

The least-square fit, on the other hand, calculates the local resistivities ρxx(x, y), ρxy(x, y)
at various locations in the sample and determines the sample-averaged factors ρ0, ρ0x,
ρ0y, ρH, ρHx, ρHy, ρ0x2, etc. to determine the values αijk, βijk that yield the best approx-
imation of Eqs. (8.2) - (8.3).

8.2.4 Quality of the expansion

There are two factors which contribute to the approximation error in Eqs. (8.2) - (8.3).
One is the truncation of the series expansion, i.e. as more higher-order terms are added
to the series expansion the approximation is supposed to become closer and closer to
the true value. The second is a systematic error related to the existence of a natural
bias towards the origin, as is the case for the Taylor expansion. The quality of the
approximation can be parameterized by the root mean square (rms), defined as

rms =

√
∑n

i=1 |ρ(xi, yi)− ρapp(xi, yi)|
n

, (8.19)

for n number of points within the sample, and with ρ(xi, yi) the true value of ρxx, ρxy

at the point (xi, yi) and ρapp(xi, yi) the approximated value as obtained from Eqs. (8.2)
- (8.3).
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3rd order 
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3rd order  
Least-square  

T  = 0.14 K 
ν  = 1.5 
δx = 3 % 

ρ0 (xi,yi) 

ρ0app(x,y) 

Figure 8.2: Illustration of the third-order approximated resistivity ρ
app
0 (x, y) using the coefficients

from Table 8.4 compared with the real local resistivity ρ0(x, y). T = 0.14 K, ∆ν = 0 (PP), withh a 3%
gradient along the x-axis.

Fig. 8.2 shows the results for both approaches listed in Table 8.4 for ν = ν∗ (PP) at
T = 0.14 with δnx=3% compared with 25 points in the sample of which the local resis-
tivities were calculated using Eq. (6.20). The least-square approximation clearly gives a
much better approximation.

Fig. 8.3 shows the rms value for both fitting procedures in the case of different transi-
tions (PP,PI) and temperatures for the linear, quadratic and cubic approximation. The
rms value was determined from n = 25 points that were equally distributed within the
sample, as in Fig. 8.2. Two important observations can be made from Fig. 8.3:
• The least-square approximation shows a consistent decrease in rms with increasing

order, while the Taylor approximation does not show much convergence with in-
creasing order.

• The rms of the least-square approximation is 10-1000 times smaller than that of the
Taylor expansion.

From this we conclude that the least-square fit to the highest possible order is more
suitable than the Taylor expansion. Also, at low temperatures even more higher-order
terms will be needed in order to produce accurate results.
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Figure 8.3: The root mean square (rms) value for ρxx for the Taylor and the Least-square fit approx-
imations. The figures show the results for the expansion to first (circ), second (¤), and third (∗) order
based on a density gradient of 3% along the x-axis for temperatures T = 0.14, 1.4 K.
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  1st order   2nd order   3rd order 

 jx  jx 

 jy  jy 
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Figure 8.4: Distribution of the current density jx , jy and the electric field Ex , Ey at ν = 1.5 and
ν0(T) = 0.037 (T ∼ 0.8 K) for the first three orders of the series expansion for δnx =3%. The
parameters αijk , βijk were determined with the least-square fit procedure.

8.3 Results

Although Fig. 8.3 shows that the biggest errors of the PP approximation are to be found
near the critical point, we continue to focus our attention towards this region. First,
using the obtained parameters αijk, βijk from the least square fit we calculate the local
current density components jx(x, y), jy(x, y) using Tables 8.1 and 8.2. Next, we calculate
the electric field components Ex(x, y), Ey(x, y) from Eqs. (8.13) - (8.14). The electric field
components are also truncated to linear, quadratic and cubic order in x and y. The re-
sults for a density gradient of 3% along the x-axis are shown in Fig. 8.4. Only the region
between the voltage contacts is plotted. A similar figure was made by Ponomarenko for
his numerical results in Ref. [27]. From a qualitative point of view, both plots are very
similar, although the assymmetry near the edges x = ±x1 is not as obvious in Ref. [27].
These are probably due to truncation errors in the approximation.

Having obtained the E and j components, it is only a small step to find the experimental
resistivities ρt,b

xx , ρl,r
xy. The resulting resistivity curves, along with the flow diagrams, for

the first three orders of the expansion (least-square fit) are plotted in Fig. 8.5. The ρ0, ρH

curves are also included. Naively, we can also represent a density gradient along the
x-axis by a ’shift’ in ∆ν. This amounts to calculating ρl,r

H using the density ne at the Hall
voltage contact points, and subsequently readjusting the values of ρt,b

0 according to Kir-
choff (Eq. 8.17). This procedure lies at the basis of the reflection symmetry described in
Eq. (5.6), as well as the antisymmetry effect described in Ref. [19]. The ’shifted’ curves
are indicated by dotted lines.

The first three orders of the series expansion in Fig. 8.5 do not yet produce smooth
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Figure 8.5: Resistivity curves and flow diagrams for T = 0.14 K and δnx =3% for first-, second-
and third-order expansion calculations. Apart from the calculated resistivities ρt,b

xx , ρl,r
xy (solid), we show

ρ0
0, ρ0

H (dotted), and the ν-’shifted’ resistivities ρ0
0(±δνx), ρ0

H(±δνx) (dashed).
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Figure 8.6: Resistivity curves and flow diagram for the PP and PI transition for T = 0.3 K and
T = 3.0 K. The density gradient is 3% along the x-axis. The labels are the same as in Fig. 8.5.

curves. Neither is there a noticeable convergence to the ’shifted’ curves. Instead, the
number of oscillations around the ’shifted’ ρ0 and ρH curves increase. These oscilla-
tions, which are especially noticeable in ρl,r

xy, produce strange loops in the resulting
flow diagram at low temperatures. The fact that ρl,r

xy seems to be more affected than ρt,b
xx

is because ρxy represents a ’local’ resistivity of the sample at x = ±x1, which is harder
to approximate as it lies away from ρ0

H and ρ0
0. In contrast, ρxx can be thought of as a

’global’ average of the local resistivities in the sample, spanning the range −x1 −+x1.
The resistivity curve which shows the least amount of variation – the one that seems to
represent the ’true’ experimental curve the most – is ρb

xx, which is the one rising above
ρ0.

The situation shows much improvement for higher temperatures and for the PI tran-
sition, as shown in Fig. 8.6. At T = 0.3 K, the situation is almost similar to what we
measured in Fig. 6.9 and what was shown in Ref. [19]. For the PI transition, the flow
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diagram is a perfect semicircle at low temperatures, although ρl,r
xy displays a very strong

deviation for ∆ν < −0.1. While similar curves are also observed in the actual experi-
ment, the deviation here is probably due to approximation errors. These errors, how-
ever, occur far away from the critical point, and as such are not expected to influence
the determination of the critical exponent. On the contrary, Fig. 8.6 justifies the analyt-
ical treatment of Chapter 5 in dealing with density inhomogeneities for PI transitions.
The curves for high temperatures for the PP transitions also show a good convergence,
resulting in realistic flow diagrams.

The next step is to determine the effect of density gradients on the value of the critical
exponent. Since the ρb

xx produced the most reliable results, we determine the width
(FWHM) of this peak for various temperatures ranging between T = 0.08 − 8. The
results are plotted in Fig. 8.7, together with the maximum conductivity σ∗(T).

For a gradient of 3% along the x-axis we find that the resulting values of (∆ν) ∼ ν0(T)
do not lie nicely on a single line on a log-log plot, but show a curvature similar to the
one found experimentally (Sec. 6.5). At high temperatures, the points deviate upward,
which is a result from the corrections to scaling η(T). This phenomenon was also ob-
served experimentally as was shown in Figs. 6.10 and 6.12. The decrease in σ∗(T) for
T > 2 K that accompanies the rising influence of η(T) is also clear from Fig. 8.7.

At low temperatures (T . 1.5 K) the points also bend upward, but here it purely re-
sults from the density gradient inhomogeneity. Its real-life experimental counterpart is
plotted in Fig. 6.10. When fitting the the peak widths in the low-temperature regime
(T ≤ 1.5 K), one obtains an exponent κ(PP) ≈ 0.46, very close to the one found in the
experiment (Table 6.4 and Sec. 6.5) and in numerical work [27] (κ(PP) = 0.49 for a x-
gradient of 2.5%).

The σ∗(T) behavior is also quite remarkable. Four different curves are plotted here, in-
dicating the flow diagrams of all possible permutations of ρt,b

xx , ρl,r
xy. Two out of the four

curves show a steady decrease in σ∗ as the temperature is lowered which is identical
to experimental observations, while only one curve steadily increases. The lowest σ∗

curve has its maximum at around σ∗ ≈ 0.35 which is not uncommon in real experi-
ments. For temperatures T < 0.2 K, however, the curves bend upward again, but this
is probably due to approximation errors such as those which are displayed in Fig. 8.5.

Density gradients in the y-direction have very little, if any, influence on the value of the
critical exponent, nor on the behavior of σ∗(T).
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Figure 8.7: Left: The width (FWHM) of the ρb
xx curve as a function of T for a density gradient of 3%.

The gradient in the x direction results in a scaling exponent κPP = 0.46 for T < 1.5 K. Gradients in y
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ρt

xx , ρb
xx , ρl
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xy. The dip for T > 2 K is due to the influence of the corrections to scaling parameter

η(T).
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8.4 Conclusion

In this chapter we employed a series expansion method to calculate the influence of
density inhomogeneities (gradients) on the experimental resistivity curves ρt,b

xx , ρl,r
xy and

determine their effect on the critical exponent κ(PP). It was found that the local resis-
tivities ρ0(x, y), ρH(x, y) in the sample can be reasonably well approximated by a series
expansion to third order using a least-square fit procedure. Using standard electro-
statics, the current density components jx, jy and electric field components Ex, Ey are
calculated in a straightforward manner, from which ρt,b

xx , ρl,r
xy are obtained.

The resulting curves of ρt,b
xx , ρl,r

xy converge very well at high temperatures T > 2 K and
for the PI transition, implicitly justifying the analytical approach of Chapter 5. For the
low-temperature PP transitions (T < 0.3 K), however, the curves are still far from accu-
rate so that higher-order terms are required to ensure a good convergence.

For a density gradient of 3% along the x direction, the width of ρb
xx as function of T,

fitted in the range 0.08 < T < 1.5 K results in κ(PP) ≈ 0.46, while the PI transition has
κ(PI) ≈ 0.57. This result, as well as the decrease in σ∗ with lowering T, corresponds
very well to the real experiment and numerical work of Ref. [27]. Density gradients in
y show no noticeable influence on the experimental resistivity curves nor on the value
of the critical exponent.
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9
VARIABLE RANGE HOPPING IN

HIGHER LANDAU LEVELS

We investigate the variable range hopping (VRH) regime in the Landau level tails of two
quantum Hall samples.

9.1 Introduction

The analysis described in the previous chapters has shown that the precise determina-
tion of the critical exponent νθ is hampered by various factors. For one, the presence of
macroscopic inhomogeneities limits an accurate estimation of κ to data on the PI transi-
tion, while experimental difficulties in obtaining the exact value of the phase-breaking
exponent p obscures the determination of the precise relationship between κ and νθ ,
since κ = p/2νθ .

Various attempts have been made to measure the critical exponents νθ and p in a differ-
ent manner. For example, Wei et al. [71] tried to measure the value of p using current
scaling, which resulted in p = 2. Koch et al. [69] measured the size dependence of four
GaAs/AlGaAs samples yielding νθ ≈ 2.3 with p = 2.7− 3.4, which is outside the the-
oretical limit 1 < p < 2 [46]. Most of these experiments have, however, not returned
convincing and conclusive results so that one of the long-standing issues in the quan-
tum Hall effect remains the ongoing debate on the ’true nature’ of its critical behavior.

A preferable approach of tackling this issue would be to directly measure the localiza-
tion length ξ as a function of temperature or frequency. This was recently attempted by
Hohls et al. [17, 18, 72] by building on the idea by Polyakov and Shklovskii [128] that at
very low temperatures in the strongly localized regime the dominant process occurs by
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means of variable range hopping (VRH). In section 6.6 we showed that the presence of
third-order terms in ρxx and ρxy indicated that the transport mechanism indeed crosses
over to variable-range hopping or some other transport mechanism in the tails of the
Landau levels. The general expression for VRH [136] conduction is given by

σxx(T) = σ̂0(T)e−
√

T̂0/T , (9.1)

where

kBT̂0(ν) = C
e2

4πεξ(ν)
(9.2)

with C a constant, and ε the dielectric constant. Hatted (’x̂’) variables will be employed
in this chapter to indicate that they are related to the VRH regime.

By measuring the temperature and frequency dependence of σxx of GaAs/AlGaAs
Corbino discs, Hohls et al. were able to extract the ν-dependence of ξ in the strongly-
localized regime, deep in the Landau level tails. Based on the relation

ξ = |∆ν|−ν̂θ , (VRH) (9.3)

they found ν̂θ ≈ 2.3 in all cases. Again, we employ the symbol ν̂θ to indicate an ex-
ponent obtained from the VRH regime, which is not necessarily the same as the one
obtained from the critical regime at the center of the Landau levels.

While the results by Hohls et al. seem to verify the semiclassical Fermi-liquid result
νθ = 7

3 [66, 130], some questions remain in order. First and foremost, it is far from clear
whether the results obtained from the localized tails can give proper information about
the critical regime at the center of the Landau level. Since it was shown in Sec. 6.6
that the transport mechanism in the Landau level tails is different from the one at the
center, the obtained exponent ν̂θ could also be different from νθ . Secondly, since Hohls
et al. performed their experiments on the PP transitions of GaAs/AlGaAs samples, it
is difficult to ascertain whether the disorder conditions mentioned in Section 4.1 were
met. And finally, at small length scales the localization length ξ does not only depend
on the relevant variable X which incorporates the filling factor ν, but also on the irrel-
evant variable η. Hence, measurements on ξ(X, η) in a regime where both X and η are
expected to have an influence make it very difficult to obtain a proper universal value
of νθ , since it is solely associated with the relevant variable X.

The results by Hohls et al. are, however, interesting in their own right, and have moti-
vated us to carry out similar experiments to see whether more information can be ex-
tracted from this transport regime. The samples used by Hohls et al. were low-mobility
GaAs/AlGaAs heterostructures, doped with Si or Be. In this chapter we repeat the
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T-dependent experiments on a GaAs/AlGaAs sample W755 as well as on two InGaAs-
based samples, C759 and H21232. Unfortunately we were not able to use the sample
HWP#2, since no more wafer material was available to produce Corbino discs.

9.2 Experiment

The experiment was carried out in the Oxford dilution refrigerator containing a su-
perconducting solenoid that could reach 9 T. Details of the setup are explained in Sec-
tion 3.2.2. Three Corbino discs were mounted on a sample holder, so that all of them
could be measured within one experimental run.

The samples used in our experiment are listed in Table 9.1. The table includes the den-
sity, mobility and the value of ν∗ relevant to the experiment. The two InGaAs samples
(C759, H21232) have previously been investigated using Hall bars and their transport
and sample characteristics are found in Tables 3.1 and 4.2.

The conductivity σ is obtained from the conductance g multiplied by a geometrical
factor for concentric rings,

σ =
g

2π
ln

(
r2

r1

)
, (9.4)

with r1 = 602 µm and r2 = 1017 µm the radii of the inner and outer voltage terminals
respectively, and g = I/V. In order to ensure that our measurements took place in the
Ohmic regime we measured the I − V curve as function of B and T. The conductance
was then determined from the slope of the curve in the linear regime.

An example of the I-V sweeps at magnetic field B = 4.15 T is shown in Fig. 9.1. In order
to counter thermo-voltaic contributions of the wiring two I-V sweeps were made, one
for the +V direction and one in the −V direction. The true I(V) curve was obtained by
the average of these two voltage polarities. The analysis was limited to the regime of
linear (i.e. Ohmic) transport, i.e. the datapoints which lie on the slope d ln I/d ln V = 1
in Fig. 9.1.

Sample Material ne [1011 cm−2] µt [104 cm2/Vs] ν∗

W755 GaAs/AlGaAs 2.17 27.5 1.48, 2.50
C759 InGaAs/InP 3.35 7.6 2.51
H21232 InGaAs/InAlAs 1.6 1.2 1.44

Table 9.1: Sample characteristics of the Corbino discs used.
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Figure 9.1: I-V characteristic sweep of sample W755 (GaAs/AlGaAs) at B = 4.15 for T = 98 mK -
0.8 K. straight solid lines denote the linear (Ohmic) regime. The data points are the averages from the
positive and negative voltage sweeps.

Prior to the accurate I-V measurements, several pre-scans were performed in order
to determine the exact locations of the σ∗ peaks. To this end a constant voltage of
V ∼ 50 nV was applied while the current I was measured as function of the magnetic
field at constant T. The results for T = 0.14 are plotted in Fig. 9.2 on a linear and
logarithmic scale. On the right side, the accurate conductivities obtained from I-V mea-
surements for the k = 1 peak of sample W755 are shown. A constant applied voltage
limits the obtained conductivities to σxx & 10−6 e2/h due to nonlinear heating effects
while the accurate measurements yield conductivities down to σxx ≈ 10−8 e2/h.

Since a complete sweep of B and T for all three samples would have been very time-
consuming, a selection was made of those Landau level tails of which the conductivity
decreased σxx < 10−6 e2/h in the plateau regions. The minima of sample H21232, how-
ever, never reached below σxx ∼ 5 · 10−4 e2/h, so that this sample was disregarded from
further analysis. The transport in this sample probably occurred via some mechanism
other than VRH, such as thermal activation or via some other parallel conducting chan-
nel.
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Figure 9.2: Left: Conductivity sweeps σxx(B) for the various samples. Only samples with σxx <

10−4 e2/h were considered to be strongly localized so that they could be used in the experiment. Right:
σxx values of sample W755 determined from I-V measurements.

9.3 Results

9.3.1 The pre-factor σ̂0(T)

A precarious issue in the analysis is the possible temperature dependence of σ̂0(T).
Previous experiments [153,154] have shown a temperature dependence as σ̂0(T) ∝ 1/T
deep in the tails of the Landau level, although this has not been theoretically justified.
Near the critical point, however, σ̂0(T) remains constant. The inability to determine the
exact expression for σ̂0 clearly obfuscates the correct determination of T̂0 which, in turn,
may strongly affect the obtained value of the exponent ν̂θ .

In Ref. [74] a crossover scheme was suggested, such that

σ̂0 = σ̂∗0

(
1 +

x̂
xc

)
. (9.5)

Defining the parameter x̂ as

x̂ =
T̂0

T
∝

1
ξT

, (9.6)

Eq. (9.5) then results in a constant pre-factor σ̂0 for x̂ ¿ xc, while for distances away
from ν∗, when x̂ À xc, the pre-factor σ̂0 is proportional to 1/T. Both regimes are now
combined in terms of a single variable x̂ so that Eq. (9.1) can be rewritten as

σxx(x̂) = σ̂0(x̂) exp(−
√

x̂) . (9.7)
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log plot, resulting in an exponent ν̂θ = 3.36± 0.18 c) Rescaling for an optimized data collapse yields
ν̂θ = 3.39± 0.05.

Our experiments, however, have been mostly carried out in the range where VRH is
expected to be predominant, i.e. far away from ν∗ (∆ν > 0.2). In our initial analysis of
the data, therefore, we have always assumed a pre-factor σ̂0 ∝ 1/T (cf. Figs. 9.3(a) and
9.4), which yielded better fits for T̂0 than the case of a constant σ̂0.

9.3.2 Sample C759

The results for the InGaAs/InP sample C759 are shown in Fig. 9.3. The slope of the
points T · σxx at constant temperatures give the values for T̂0. The assumption that the
pre-factor σ̂0 indeed shows a 1/T-dependence seems quite reasonable given that the
points in Fig. 9.3 can be fitted well with straight lines. When the corresponding values
of T̂0 are plotted as a function of ∆ν we obtain a value for ν̂θ = 3.36± 0.18 as shown
in Fig. 9.3(b). It must be kept in mind, however, that the range of ∆ν over which this
exponent was extracted is rather limited for this number to be reliable.

A different way to obtain scaling exponents from data is to make a ’data collapse’ plot,
in which all the data for all temperatures (i.e. length scales) are plotted as function of a
single scaling variable. In general, this procedure is not very reliable for obtaining the
scaling exponent, but it may, however, serve as a good consistency check for the relia-
bility of the exponent extracted by other means. To this end, the following procedure
for finding the scaling variable x̂ that incorporates the unknown T-dependent behavior
of σ̂0 was used in Ref. [74].
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The following generalization,

σ̂0(ν, T) = σ̂∗0

(
1 + A

T̂0(ν)
T

)
, (9.8)

gives us σ̂0 = σ̂∗0 for small ∆ν and σ̂0 ∝ T̂0/T for big ∆ν, since

T̂0 = T̂1|∆ν|ν̂θ . (9.9)

Ref. [74] then re-introduces the VRH ’scaling’-parameter x̂, and defines it as

x̂ =

√
|∆ν|ν̂θ

T
, (9.10)

so that Eq. (9.7) becomes

σxx = σ̂∗0

(
1 +

(
x̂
xc

)2
)

exp(−
√

T̂1 · x̂) , (9.11)

with crossover constant xc = 1/
√

T̂1 A.

Eq. (9.11) can now be rewritten as a linear equation,

ln


 σxx

1 +
(

x̂
xc

)2


 = ln σ̂∗0 −

√
T̂1 · x . (9.12)

Fig. 9.3(c) shows all the σxx data of C759 plotted in this manner. One obtains the best
data-collapse by optimizing the values of ν̂θ and xc. The optimization procedure was
carried out numerically in Matlab with as starting points the value of ν̂θ obtained from
Fig. 9.3(b) and xc = 0. The optimized values are ν̂θ = 3.39± 0.05 and xc = 0.0042 (cf.
Table 9.2) which justifies taking σ̂0 ∝ 1/T.

9.3.3 Sample W755

For the analysis of sample W755 a similar procedure was used as for C759. First, the
T̂0 values were determined from the slopes of Tσxx as function of T−1/2. Next, ν̂θ was
found by plotting T̂0 as a function of |∆ν| on a log-log scale. This was done for three
Landau level tails in W755, both sides around ν∗ = 1.5 and one Landau level tail next
to ν∗ = 2.5. The results are plotted in Fig. 9.4.

The result of ν̂θ = 2.3 for the slope ν > 1.5 is similar to the result by Hohls et al. [18,74].
However, the lowest point at ∆ν = 0.03 was not taken into consideration for this fit,
since it deviated from the straight line of the other points. A reason for this devia-
tion could be the fact that in this regime the pre-factor σ̂0 does not go as 1/T anymore.
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Figure 9.4: Values of T̂0 obtained from Tσxx vs. T−1/2 plots for three measured Landau level tails of
W755 (GaAs/AlGaAs). To determine the exponent, the points most distant from ν∗ were used to ensure
a pre-factor σ̂0(T) ∝ 1/T.

When we look at the value of ν̂θ by means of a data collapse plot (Fig. 9.5) we find
that it changes drastically to ν̂θ = 4.37± 0.06 (Table 9.2). It is likely that the points at
∆ν = 0.03 are to blame for this drastic increase.

The slopes of the other Landau level tails in Fig. 9.4 also show a very different result,
with values for ν̂θ which is almost three times higher than the ν > 1.5 result. It is strik-
ing that both slopes of ν < ν∗ practically fall on top of each other. The lower T0 values
for these slopes also show a deviation from the straight line.

A data-collapse plot for the slope ν < 1.5 also shows a strong deviations from the line
Eq. (9.12). A similar phenomenon was observed in Ref. [74] for the same Landau level
tail. Here, the asymmetry was ascribed to the different position of the tails with respect
to the neighboring Landau level. As indicated in the insets in Fig. 9.5, the spin-splitting
of the Landau level (especially with an asymmetric potential well) may result in overlap
of the neighboring Landau level tail with the one under investigation. This is especially
the case for tails which are in between two spin-split levels, such as ν < 1.5. The influ-
ence of the k = 0 Landau level on the outer side of the k = 1 tail is much less, so that
the results of the ν > 1.5 tail are probably more accurate than those of the ν < 1.5 tail.
For the k = 3 peak (ν < 2.5) the spin-splitting is less than for the k = 1, 2 peaks, so that
in this case, even the outer tail could be affected by the neighboring Landau level.
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Figure 9.5: Data-collapse plots of σxx points. The Landau level tail on the outer edge of the spin-split
level shows a better data-collapse than the inner level, indicating that an overlap of LL states influences
the hopping transport.

9.4 Conclusion

Measurements of the VRH regime of quantum Hall PP transitions in two InGaAs/InP
and GaAs/AlGaAs samples do seem to give rise to an exponent ν̂θ . The values of this
exponent for the various Landau level tails are not universal with respect to samples or
transitions.

Universality of the exponent was not expected, however, since neither sample is be-
lieved to be in the critical temperature regime as discussed in Chapter 4. As was shown
in previous chapters, the energy band of the critical regime (denoted by T1 in chapters
6-7) comprises only a very small range in energy around the center of the Landau band
ν∗. The VRH regime lies far away from this band, which makes correct measurements
on quantum Hall criticality unlikely.

Our result for the slope ν > 1.5 of the GaAs/AlGaAs sample does, however, corrob-
orate the result by Hohls et al. [18, 74]. However, when calculating the optimal data-
collapse parameters ν̂θ , xc this value is not very robust, as it changes by almost a factor
2 (cf. Table 9.2). The asymmetry in the results of both tails of the Landau level k = 1
could be ascribed to the location of the tail with respect to its spin-split neighboring
Landau level in combination with the presence of an asymmetric potential.
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Sample: C759 W755
ν < 2.5 ν > 1.5 ν < 1.5 ν < 2.5

using σ̂0 ∝ 1/T:
ν̂θ 3.36± 0.18 2.31± 0.13 6.7± 0.6 7.40± 0.09
T̂1 (K) 220± 20 280± 20
Data-collapse:
ν̂θ 3.39± 0.05 4.37± 0.06 6.5± 1.0 5.8
T̂1 (K) 1165± 35 12000± 200 8200± 100 8400± 100
xc (K−1/2) 0.0042 0.027 106 4 · 105

Table 9.2: Values obtained from samples W755 and C759.
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A Density gradients in the PI transition

We start out with the equations Eqs. (5.43) - (5.44)

ρ0(r) = e−X− νx
ν0(T) x− νy

ν0(T) y,

= ρ0
0 e−

νx
ν0(T) x− νy

ν0(T) y, (A.1)

ρH(r) = 1 + ηρ0(r). (A.2)

and take into account the appropriate boundary conditions Eqs. (5.45) - (5.46). By writ-
ing (jx , jy) = (∂yΦ , −∂xΦ) we can also express Eqs. (5.45) and (5.46) as a differential
equation for the scalar field Φ alone,

ρ0∆Φ = − [
(∂xρ0 + ∂yρH)∂x + (∂yρ0 − ∂xρH)∂y

]
Φ. (A.3)

Inserting Eqs. (5.43) and (5.44) we obtain the following simple expression for Eq. (A.3)

∆Φ =
[
αx∂x + αy∂y

]
Φ, (A.4)

where

αx = αx(T) =
νx

ν0(T)
+ η

νy

ν0(T)
,

αy = αy(T) =
νy

ν0(T)
− η

νx

ν0(T)
(A.5)

are spatially independent quantities. The general solution is readily obtained by a sep-
aration of variables. The solution with the appropriate boundary conditions can be
written as follows

Φ(x, y) = Φ(y) =
j0
x

αy
eαyy (A.6)

such that the expression for the current density becomes

jx = jx(y) = j0
xeαyy , jy = 0. (A.7)
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The expression for the electric fields are given as

Ex = ρ0
0 e−(x+ηy) νx

ν0(T) j0
x (A.8)

Ey =
(

e
νy

ν0(T) y + ηρ0
0e−

νx
ν0(T) x

)
e−η νx

ν0(T) y j0
x (A.9)

We obtain the voltage drops Vt,b
x , V l,r

y by integrating Ex and Ey over respectively the
length 2x1 and width 2y0 of the Hall bar. The total current is found from Ix =

∫
dyjx.

The macroscopic resistances are then

Rt,b
xx =

x1

y0
ρt,b

xx

Rr,l
xy = ρr,l

xy, (A.10)

where

ρt,b
xx(η, θ) =

r0

cos θ
ρ0

0e∓(1+η) sin θ
y0
x1

=
r0

cos θ
ρ0(∓y0(1 + η) sin θ, 0) (A.11)

ρr,l
xy(η, θ) = 1 + (tan θ + η)r1 ρ0

0e∓Ax

= 1 + (tan θ + η)r1 ρ0(∓x1, 0) (A.12)

and

r0 =

[
(Ay − ηAx

y0
x1

cos θ) sinh Ax

Ax sinh(Ay − ηAx
y0
x1

cos θ)

]
(A.13)

r1 =

[
(Ay − ηAx

y0
x1

cos θ) sinh(η cos θ + sin θ)Ax
y0
x1

(η cos θ + sin θ)Ax
y0
x1

sinh(Ay − ηAx
y0
x1

cos θ)

]
(A.14)

B The exponents κσ , κρ (Eq. (6.11))

Eq. (6.11) relating the different critical exponents extracted from ‘’bare’ ρxx data and the
‘bare’ expression for σxy is derived assuming the presence of particle-hole symmetry.
Taking ∆ν = ν− ν∗ with ν∗ the critical filling factor we write

ρxx(∆ν) =
σxx(∆ν)

σ2
xx(∆ν) + σ2

xy(∆ν)
,

ρxx(−∆ν) =
σxx(∆ν)

σ2
xx(∆ν) + σ2

xy(−∆ν)
. (B.1)

By particle-hole symmetry we now mean that the condition σxx(∆ν) = σxx(−∆ν) and
σxy(∆ν) = 1− σxy(−∆ν) is well satisfied by the raw experimental data.
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Next, consider the ratio

ρxx(∆ν)
ρxx(−∆ν)

=
σ2

xx(∆ν) + σ2
xy(∆ν)

σ2
xx(∆ν) + σ2

xy(−∆ν)
. (B.2)

For the PI transition, we know that ρxx follows the behavior ρxx = ρ∗ exp(−∆ν/ν0(T))
with ν0(T) = (T/T0)κρ . Hence, the expression

ln
(

ρxx(∆ν)
ρxx(−∆ν)

)
= 2∆ν

(
T
T0

)−κρ

(B.3)

can be used to extract the exponent κρ directly from the experimental data. On the other
hand, we can write for the righthand side of Eq. (B.2)

[
σ2

xx(∆ν) + 1
4

]
+

[
σ2

xy(∆ν)− 1
4

]

[
σ2

xx(∆ν) + 1
4

]
+

[
σ2

xy(−∆ν)− 1
4

] (B.4)

and expand in small quantities
(

σ2
xy(∆ν)− 1

4

)
and

(
σ2

xy(−∆ν)− 1
4

)
respectively. This

leads to the expression

ln
(

ρxx(∆ν)
ρxx(−∆ν)

)
≈ σ2

xy(∆ν)− σ2
xy(−∆ν)

σ2
xx(∆ν) + 1

4

. (B.5)

Defining the exponent κσ as follows

κσ = −
d ln

(
σ2

xy(∆ν)− σ2
xy(−∆ν)

)

d ln T
, (B.6)

where the derivative is taken at the point ν∗, then it immediately follows from Eqs. (B.3),
(B.5) and (B.6) that the exponents κρ and κσ are related according to

κρ − κσ =
d ln

(
σ∗2

xx + 1
4

)

d ln T
, (B.7)

where σ∗xx = σxx(ν∗).

C Derivation of the experimental β-functions β̃xx , β̃xy

The experimental β̃-functions are solely dependent on the two scaling parameters σxx

and σxy. Starting from the universal scaling functions Eqs. (7.15) - (7.16) and introducing
u = e−X > 0 and v = ηe−X, we write [149]

σxx =
u

1 + 2v + u2 , σxy =
1 + v

1 + 2v + u2 , (C.1)

and

σxy − 1
2

=
1
2

1− u2

(1 + 2v + u2)
. (C.2)
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Next, taking

σxx

σxy − 1
2

=
2u

1− u2 , (C.3)

1 + 2v + u2 =
u

σxx
, (C.4)

we solve for u and v to obtain

u =

√
σ2

xx +
(
σxy − 1

2

)2 − (
σxy − 1

2

)

σxy
> 0 , (C.5)

v =
−

√
σ2

xx +
(
σxy − 1

2

)2 + 1
2

σxx
. (C.6)

Using Eqs. (7.48) - (7.49) we obtain the derivatives of u, v by partial differentiation:

du
d ln T

= −κu ln u (C.7)

dv
d ln T

= −κv ln u + ỹσv (C.8)

We can now find the experimental β-functions β̃xx, β̃xy by partial differentiation

β̃xx =
dσxx

d ln T
=

∂σxx

∂u
du

d ln T
+

∂σxx

∂v
dv

d ln T
, (C.9)

β̃xy =
dσxy

d ln T
=

∂σxy

∂u
du

d ln T
+

∂σxy

∂v
dv

d ln T
. (C.10)

Using

∂σxx

∂u
=

σxx

u
− 2σ2

xx ,
∂σxx

∂v
= −2

σ2
xx
u

, (C.11)

∂σxy

∂u
= −2σxxσxy ,

∂σxy

∂v
= −2

(
σxy − 1

2

)
σxx

u
, (C.12)

and rearranging terms we arrive at Eqs. (7.50) - (7.51).



SYMBOLS & ABBREVIATIONS

Symbol
∗ (e.g. σ∗, B∗, ν∗, . . .) critical value
˜ (e.g. X̃, T̃0, ν̃∗, . . .) local scaling parameter in inhomogeneous samples
ˆ (e.g. T̂0, T̂1, x̂, ν̂θ , σ̂0) Variable-range hopping (VRH) parameters
α fine structure constant
αijk inhomogeneity expansion terms of ρxx(x, y)
βijk inhomogeneity expansion terms of ρxy(x, y)
β(g), βxx(σ, c), βxy(σ, c) RG flow functions
β̃xx(σ), β̃xy(σ) experimental RG flow functions
Γ Landau level width
γ 3rd order term in ρxx, ρs

xy

γ(σ, c) anomalous dimension, γ∗

∆ν distance to the critical point
∆B FWHM of the ρxx peak
∆σ, ∆2σ weak loc. deviations from σ0 as function of T and T, B
δV alloy potential
ε relative dielectric constant
εx, εy relative uncertainties in electron density in x, y
η(T) irrelevant scaling variable
ΘH tangent of the Hall angle, tan ϑH

θ relevant scaling field, instanton angle in QCD
ϑ scattering angle
ϑH Hall angle
κ experimental critical exponent, κ = p/2νθ

κρ, κσ experimental κ determined from ρxx or σxy

λ disorder potential correlation length
λF Fermi wavelength
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ν filling factor
νθ correlation (localization) length exponent
ν0(T) temperature-induced extended states bandwidth
νx, νy linear components of ν(x, y) due to inhomogeneities
µB Bohr magneton
µt, µq transport mobility, quantum mobility
ξ localization length
ξ∞ infinite backbone cluster
ρxx, ρxy (experimental) resistivity tensor components
ρ0, ρH intrinsic resistivity components
ρs

xy symmetric part of ρxy

σ irrelevant scaling field
σxx, σxy (experimental) conductivity tensor components
σ0, σH intrinsic conductivity components
τ scattering time
τt, τq transport, quantum relaxation time
τϕ dephasing time
τeq equilibration time
Φ0 = h/e magnetic flux quantum
Φ, Ψ current density scalar field
ψ electronic wavefunction
Ω0 atomic volume
ωc cyclotron frequency

a0 lattice parameter
aijk inhomogeneity expansion terms of j(x, y)
b transport magnetic field, b = h̄/4Deτ

B magnetic field strength [T]
c interaction crossover parameter
d dimension
ds spacer width
D diffusion constant
D(c), Dγ(c) instanton determinant factor
e unit of electric charge
E ; Ex, Ey electric field; components
EF Fermi energy
EC conduction band energy
EV valence band energy
g conductance
g∗ effective Landé g-factor
gs, gk spin degeneracy (gs = 2), Landau level degeneracy (gk = h̄ωc)
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h = 2πh̄ Planck’s constant
I electric current
j ; jx, jy current density; components
k quantum Hall plateau index (RH = h/ke2)
kB Boltzmann constant
kF Fermi wavevector
`ϕ dephasing length
`B magnetic length, `B =

√
h̄/eB

`mfp mean free path
`T thermal length, `T =

√
h̄D/kBT

L sample length
m∗ effective mass
ms spin quantum number (ms = ± 1

2 )
n Landau Level index
ne (np) electron (hole) density
nB magnetic flux density, nB = eB/h
N(E) density of states
NA, ND acceptor, donor density
p finite-T phase coherence exponent, τϕ ∝ T−p

qTF Thomas-Fermi inverse screening length
rc cyclotron radius
r1, r2 Corbino disk inner and outer radii
Rxx longitudinal resistance
Rxy Hall resistance
Sij stretch tensor
Snlσ, Stop, SU , SF effective action terms
T temperature [K]
T0 Landau level bandwidth
T1 crossover scaling temperature
Tins metal-insulator transition temperature in ρH

Teff, Tf critical temperature scales
u, v parallel, perpendicular directions along the equipotential
x, y directions in the 2DEG plane
Vxx , Vxy voltage components
W Hall bar width
W0 disorder-induced extended states bandwidth
X relevant scaling variable
yσ irrelevant scaling exponent
z singlet interaction amplitude
zT dynamical exponent
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Abbreviations
2DEG two-dimensional electron gas
AL alloy (scattering)
BI background impurity (scattering)
CBE chemical beam epitaxy
CS Chern-Simons
DC direct current
DIS dislocation (scattering)
DOS density of states
FQHE fractional quantum Hall effect
FWHM full width at half maximum
HJ heterojunction
I interaction point
IFR interface roughness (scattering)
IQHE integer quantum Hall effect
LPE liquid phase epitaxy
LP-MOVPE low-pressure metal-organic vapor phase epitaxy
MBE molecular beam epitaxy
MOCVD metal-organic chemical vapor deposition
MOSFET metal oxide semiconductor field effect transistor
nlσ non-linear sigma (model)
NPPC negative persistent photoconductivity
PDE partial differential equation
PH phonon (scattering)
PI plateau-insulator
PL photoluminescence
PP plateau-plateau
QPT quantum phase transition
QW quantum well
RI remote impurity (scattering)
RG renormalization group
SCBA self-consistent Born approximation
SP saddle point
TEM transmission electron microscope
VRH variable-range hopping
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W. WIEGMANN, Specific heat of two-dimensional electrons in GaAs-GaAlAs multilay-
ers, Phys. Rev. Lett. 54, 1820 (1985).

[143] B. P. DOLAN, Modular invariance, universality and crossover in the quantum Hall
effect, Nucl. Phys. B 554 [FS], 487 (1999).

[144] N. TANIGUCHI, Nonperturbative renormalization group function for quantum Hall
plateau transitions imposed by global symmetries, E-print: cond-mat/9810334 (1998).

[145] N. SEIBERG and E. WITTEN, Electric-magnetic duality, monopole condensation, and



REFERENCES 173

confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426, 19 (1994).

[146] S. S. MURZIN, M. WEISS, A. G. M. JANSEN, and K. EBERL, Universal flow diagram
for the magnetoconductance in disordered GaAs layers, Phys. Rev. B 66, 233314 (2002).

[147] S. S. MURZIN, A. G. M. JANSEN, and I. CLAUS, Topological oscillations of the mag-
netoconductance in disordered GaAs layers, Phys. Rev. Lett. 92, 16802 (2004).

[148] A. M. M. PRUISKEN, Dilute instanton gas as the precursor to the integral quantum
Hall effect, Phys. Rev. B 32, 2636 (1985).

[149] I. S. BURMISTROV, private communication (2003).

[150] R. T. BATE and A. C. BEER, Influence of conductivity gradients on galvanomagnetic
effects in semiconductors, J. Appl. Phys. 32, 800 (1961).

[151] D.W. KOON and C. J. KNICKERBOCKER, What do you measure when you measure
resistivity?, Rev. Sci. Instrum. 63, 207 (1992).

[152] D.W. KOON and C. J. KNICKERBOCKER, What do you measure when you measure
the Hall effect?, Rev. Sci. Instrum. 64, 510 (1993).

[153] G. EBERT, K. VON KLITZING, C. PROBST, E. SCHUBERTH, K. PLOOG, and
G. WEIMANN, Hopping conduction in the Landau level tails in GaAs-AlxGa1−xAs he-
terostructures at low temperatures, Solid Sate Commun. 45, 625 (1983).

[154] A. BRIGGS, Y. GULDNER, J. P. VIEREN, M. VOOS, J. P. HIRTZ, and M. RAZEGHI,
Low-temperature investigations of the quantum Hall effect in InxGa1−xAs-InP hetero-
junctions, Phys. Rev. B 27, 6549 (1983).



SUMMARY

This thesis is an experimental study on the quantum critical behavior of integer quan-
tum Hall effect transitions that occur in two-dimensional electronic systems at extremely
low temperatures. The main contributions of this work are twofold. First, we have ac-
counted for the presence of macroscopic inhomogeneities in realistic samples, and sec-
ond, our experimental findings of the plateau-insulator (PI) transition at high magnetic
fields have led to the establishment of universal scaling functions, enabling a deeper
understanding of the problem in the context of the renormalization group (RG).

Before describing the magneto-transport experiments, we examine in Chapter 4 the
disorder prerequisites for probing quantum-Hall quantum critical behavior. We find
that the quantum critical regime is not only determined by the amount of disorder, but
also by its range as well as by the particular Landau level in which the transition oc-
curs. Short-ranged scattering, at length scales in the order of the magnetic length `B

(. 20 nm) is essential for proper experimental studies of quantum Hall criticality. The
disorder characteristics of two InGaAs/InP heterojunctions with similar sample struc-
ture are examined and compared. We find that alloy scattering alone is not sufficient for
scaling behavior, and suggest the importance of interface roughness and background
impurities in the suitability of the sample for scaling. Hence, for quantum critical ex-
periments MOCVD-grown samples are preferred over those grown under ultra-high
vacuum conditions such as MBE and CBE. In the weak localization regime, the phase-
breaking exponent p for sample HWP#2 used in subsequent quantum Hall experiments
was found to be approximately 1, in accordance with theory.

In Chapter 5 a framework for the analysis of the PI transition in the presence of (weak)
macroscopic inhomogeneities is proposed. Starting from the general symmetries in
ρxx(B) and ρxy(B), and making use of the particle-hole symmetry of the conductances,
we arrive at a general form for the PI transition resistivity tensor. The range of validity
of this general form is estimated for the case of weak macroscopic inhomogeneities.
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Armed with this new framework, we present the experimental results of the PI transi-
tion in Chapter 6. We find a scaling relationship with a non-Fermi liquid critical expo-
nent of κ = 0.57, reflecting the influence of Coulomb interaction between the electrons.
Furthermore, the unique behavior of the Hall resistance ρxy of the PI transition is inves-
tigated. We find that ρxy remains quantized beyond the critical point in the thermody-
namic limit (T → 0), but shows a weak power-law divergence for finite temperatures.
In this way we are able to identify and measure for the first time the irrelevant scaling
exponent yσ. The PP transitions are also investigated in a similar manner, but due to
inhomogeneities the analysis is less robust than that of the PI transition. Furthermore,
several critical parameters such as κ are found to be inconsistent with the PI result, un-
dermining the concept of universality. Influence of thermal broadening effects and of
the irrelevant scaling field are examined. Away from the critical point we find that the
transport mechanism crosses over from an extended bulk state into variable-range hop-
ping. The higher-order terms of the longitudinal resistivity in this cross-over regime are
identified for both the PI and PP transitions and are shown to exhibit consistent behav-
ior. Chapter 7 takes the results of Chapters 5 and 6 one step further. Using the universal
scaling functions and the experimentally determined values of κ and yσ we are able to
construct the experimental RG β-functions and flow diagram close to the critical point.
Employing recent theoretical results and by applying Chern-Simons transformations to
our scaling functions we are able to interpolate the complete β-function at σxy = 1

2 , and
produce flow diagrams extending into the fractional regime.

In Chapter 8 we present an analytical approach for tackling macroscopic carrier density
gradients in the PP and PI transitions, by expanding the resistivity tensor and current
density to higher orders in x and y. Our results to cubic order tentatively explain the
lower value of κ for the PP transition, as well as the T-dependence of the maximum
critical conductivity σ∗.

Finally, in Chapter 9 we investigate the variable-range hopping electron transport in
the Landau level tails in the same manner as was recently done by Hohls et al. on
low-mobility GaAs/AlGaAs samples. By measuring the I-V characteristics on Corbino
geometries at various magnetic fields, we are able to extract the localization length
directly as function of T for several InGaAs/InP and GaAs/AlGaAs samples. On the
whole, the results of both samples are inconsistent with universal scaling behavior.
However, this is not surprising in the light that these samples most likely lie outside
the critical regime for this temperature range.



SAMENVATTING

Dit proefschrift is een experimenteel-fysische studie van het quantumkritisch gedrag
van het heeltallig quantum Hall effekt dat zich voordoet in twee-dimensionale elek-
tronsystemen bij zeer lage temperaturen. Onder meer zijn bij het onderzoek de vol-
gende twee belangrijke resultaten bereikt. Ten eerste hebben we de aanwezigheid
van macroscopische inhomogeniteiten in samples aangetoond en geanalyseerd. Ten
tweede heeft ons experimenteel onderzoek aan de plateau-isolator (PI) overgang bij
hoge magneetvelden geleid tot het opstellen van universele schalingsfuncties, waar-
door een dieper begrip van het quantum Hall probleem in de context van de renor-
maliezatiegroep (RG) mogelijk werd.

Alvorens op de experimenten in te gaan wordt in hoofdstuk 4 de voorwaarden voor
de aard van de wanorde die nodig zijn opdat quantumkritische experimenten kun-
nen plaats vinden, nader beschouwd. Daaruit blijkt dat het quantumkritisch gebied
niet alleen afhankelijk is van de hoeveelheid wanorde, maar ook van de dracht van
de wisselwerking van die wanorde en van het specifieke Landau nivo waarin de PI-
overgang plaatsvindt. Korte-drachtverstrooiingen, met lengteschalen in de orde van
de magnetische lengte `B (. 20 nm) blijken noodzakelijk te zijn voor geschikte ex-
perimentele studies van het quantumkritisch gedrag van het Hall fenomeen. Daar-
toe zijn de wanorde-eigenschappen van twee verschillende InGaAs/InP heterostruc-
turen onderzocht en met elkaar vergeleken. Uit die vergelijking blijkt dat de verstrooi-
ingsbijdrage vanwege (In,Ga)As-legering alléén, het sample op zich niet voldoende
geschikt maakt voor schalingsstudies, en dat grensvlakverstrooiing en achtergrond-
onzuiverheden belangrijke bijdragen leveren aan de geschiktheid van het sample voor
de bestudering van schalingsfenomenen. Daarom zijn MOCVD gegroeide samples te
prefereren boven samples gegroeid onder ultra-vacuum omstandigheden, zoals met
MBE en CBE.

In hoofdstuk 5 hebben we een nieuwe methode ontwikkeld voor de analyse van de
PI-overgang in aanwezigheid van (zwakke) macroscopische inhomogeniteiten. Vanuit
algemene symmetrie-eigenschappen van ρxx(B) en ρxy(B), en door gebruik te maken
van de particle-hole symmetrie van de geleiding, komen we aldus tot een algemene for-
mule voor de weerstandstensor van de PI-overgang. De geldigheid van deze formule
is onderzocht voor het geval van zwakke macroscopische inhomogeniteiten.
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De experimentele resultaten van de PI-overgang worden beschreven in hoofdstuk 6.
We vinden een schalingsrelatie met een non-Fermi liquid-achtige kritische exponent κ =
0.57 wat duidt op de invloed van Coulomb wisselwerking tussen de elektronen. In het
hoofdstuk hebben we ook het unieke gedrag van de Hall weerstand ρxy van de PI over-
gang nader onderzocht. We vinden dat ρxy voorbij het kritieke punt nog gequantizeerd
blijft in de thermodynamische limiet (T → 0), maar dat het tevens voor eindige temper-
aturen een zwakke temperatuurafhankelijke afwijking vertoont volgens een bepaalde
macht van T. Daarmee hebben we voor het eerst de irrelevante schalingsexponent yσ

aangetoond en gemeten. Op overeenkomstige wijze hebben we ook de PP-overgangen
bestudeerd, maar vanwege de inhomogeniteiten kon de analyse ervan minder volledig
gebeuren dan bij de PI-overgang. Ook komen enkele kritische parameters, zoals κ, niet
geheel overeen met het PI-resultaat, waardoor enigszins afbreuk wordt gedaan aan het
concept van de universaliteit van de quantum Hall overgangen. De invloeden van de
Fermi-Dirac verbreding van de distributiefunctie alsmede van het irrelevante schal-
ingsveld zijn eveneens onderzocht. We vinden dat ver van het kritieke punt het trans-
portmechanisme verandert van bulk naar variable range hopping (VRH). De hogere-orde
termen van de weerstand in het cross-over gebied worden ontwikkeld voor zowel de
PP- als de PI-overgang, en vertonen een consistent gedrag. In hoofdstuk 7 worden de
resultaten van hoofdstukken 5 en 6 een verdere uitbreiding gegeven. Door gebruik te
maken van universele schalingsfuncties en de experimenteel gevonden waarden voor
κ en yσ is het ons mogelijk geworden de experimentele RG β-functies en flow diagram-
men te bepalen dicht bij het kritisch punt. Door het gebruik van recente theoretische
resultaten en door Chern-Simons transformaties toe te passen op onze schaalfuncties
kunnen we de volledige β-functie van de kritische geleiding σ∗xx interpoleren, alsmede
flow diagrammen samenstellen die tot en met het fractionele gebied reiken.

In hoofstuk 8 presenteren we een analytische benadering voor de behandeling van
macroscopische inhomogeniteiten bestaande uit dichtheidsgradienten in de ladingdra-
gers voor de PP- en PI- overgangen, door de weerstandstensor en stroomdichtheid te
ontwikkelen naar hogere ordes in x en y. Onze resultaten tot de derde orde verklaren
voor een deel de lagere waarde van κ van de PP-overgang, evenals de temperatuu-
rafhankelijkheid van de kritische geleiding σ∗.

Ten slotte onderzoeken we in hoofdstuk 9 het VRH transport van de elektronen in de
’staarten’ van de Landau nivo’s, zoals recentelijk ook werd gedaan door Hohls et al.
Door de I-V karakteristieken te meten als functie van B en T van enkele InGaAs/InP
en GaAs/AlGaAs heterostructuren, is de temperatuurafhankelijkheid van de localisa-
tielengte direct te bepalen. De resultaten blijken inconsistent met het universele schal-
ingsgedrag. Dit is echter niet geheel onverwachts omdat de samples bij de gemeten
temperaturen waarschijnlijk buiten het kritische gebied liggen.
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